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The collisional relaxation of a strongly magnetized pure ion plasma that is composed
of two species with slightly different masses is discussed. We have in mind two iso-
topes of the same singly ionized atom. Parameters are assumed to be ordered as
Q1,00 > Q) — Qo] > @ij/l_) and 7,,/Q; < b, where Q; and Q, are two cyclotron
frequencies, v;; = \/m is the relative parallel thermal velocity characterizing col-
lisions between particles of species i and j, and b = 2¢?/ T is the classical distance
of closest approach for such collisions, and 7, ;/Q; = /2T ;/m;/Q; is the character-
istic cyclotron radius for particles of species j. Here, p;; is the reduced mass for the
two particles, and T} and 7' ; are temperatures that characterize velocity components
parallel and perpendicular to the magnetic field. For this ordering, the total cyclotron
myv?,/(2Q1) and Z, = Y., mav?,/(2Qy) are

adiabatic invariants that constrain the collisonal dynamics. On the timescale of a

action for the two species, Z; = )., ic2
few collisions, entropy is maximized subject to the constancy of the total Hamil-
tonian H and the two actions Z; and Z,, yielding a modified Gibbs distribution
of the form exp[—H/T| — anZ; — apZ,]. Here, the a;’s are related to Tj and T,
through 7' ; = (1/T) + «;/Q;)~". Collisional relaxation to the usual Gibbs distri-
bution, exp[—H/Tj], takes place on two timescales. On a timescale longer than the
collisional timescale by a factor of (b2Q2/03,) exp{5[37(b|% — Q|/012)]%/°/6}, the
two species share action so that «; and as relax to a common value . On an
even longer timescale, longer than the collisional timescale by a factor of the order

exp{5[37 (021 /011)]?/°/6}, the total action ceases to be a good constant of the motion

and « relaxes to zero.



I. INTRODUCTION

There is good agreement between theory and experiment for the collisional relaxation of
strongly magnetized single species plasmas' . The relaxation is novel because the collisional
dynamics is contrained by adiabatic invariants associated with the cyclotron motion. Here
we extend the theory to the case of a two-species plasma, where the charges of the two
species are the same (e; = e2) and the masses differ only slightly (i.e., [m; —ma| < mq, ms).
We have in mind a pure ion plasma that is composed of two isotopes. Such isotopically
impure ion plasmas are often used in experiments®’.

In Section II, we begin with an analysis of a collison between two isotopically different
ions that move in the uniform magnetic field B = BZ. For sufficiently strong magnetic
field, the collision looks very different from Rutherford scattering; the two ions approach
and move away from one another in tight helical orbits that follow magnetic field lines.

We will find that the sum of the cyclotron actions for the two ions, I1 +Iy = myv?,/(2Q1)+
mav?,/(2€y), is an adiabatic invariant that is nearly conserved in the collision. Here,
mjvij /2 and Q; = eB/(mjc) are the cyclotron kinetic energy and cyclotron frequency
for the two ions (j = 1,2). More specifically, the change in the total action is of order
A(L + 1) ~ exp[—Q.7], where ; ~ Qs = Q. and 7 is a time that characterizes the du-
ration of the collision. The time is shortest, and the change A(I; + I3) largest, for nearly
head-on collisions, where 7 ~ (7/2)(b/v)). Here v is the initial relative velocity of the ions
parallel to the magnetic field, b = 2¢%/ (;wﬁ) is the minimum separation between the ions
allowed on energetic grounds, and p = mymsy/(my +ms) is the reduced mass. This estimate
of 7 uses guiding center drift dynamics as a zeroth order approximation to the orbits and
so assumes that the cyclotron radii for the two ions are small compared to the ion separa-
tion [i.e., v1;/€; < b]. For sufficiently large B, the product Q.7 = (7/2)(Qb/v)) is large
compared to unity and the change A(fy + I5) ~ exp[—(7/2)(€2:b/v))] is exponentially small.

The same analysis shows that the change in the individual actions is of order Al =~
—AIy ~ exp[—|Q — Qy|7], which also is exponentially small if [Q; — Qy|[mb/(2v)))] is large.
By assumption, the ion masses, and therefore the ion cyclotron frequencies, differ only

slightly, so we have the ordering €2y, Q2 > |y — Q| > v /b, which implies the conclusion

The individual actions are well conserved, and the sum of the two actions is conserved even



better.
In Section III, we determine how these adiabatic invariants constrain the collisional re-
laxation of a strongly magnetized plasma composed of such ions. We say that the plasma is

strongly magnetized when

B»M and Q0 — Qs >>£, (2)
Q; b
where v;; = \/T)|/p1;; is the relative parallel thermal velocity, b = 2¢2/(u;,0%,) = 2¢*/T is
the distance of closest approach, v,; = \/m is the perpendicular thermal velocity for
species j, and pjj is the reduced mass of two interacting particles from speices j and k. As
we will see, the temperatures T}, T’ ; and T’ need not be equal during the evolution to
thermal equilibrium. The condition 4, Qs > | — Qs plus inequalities (2) imply that all
collisons between unlike ions are in the strongly magnetized parameter regime.

Note that this definition of strong magnetization is more restrictive than that used pre-
viously for the case of single-species plasmas®*. The requirement [ — Qq| > ;;/b has
replaced the less restrictive requirement €2y, Qo > v,/ b.

As a first step in determining the influence of the adiabatic invariants on the evolution,
we note that the difference between the cyclotron frequencies of like ions is zero, so the
change in the individual actions is not exponentially small. Of course, the change in the
sum of the two actions for the like ions is exponentially small.

Thus, on the timescale of a few collisions, one expects that like ions will interchange
cyclotron action with each other, but not with unlike ions. On this timescale, the total
cyclotron action of species 1 (i.e., Z; = Zjvzll I,;) and the total cyclotron action of species 2
(i.e., Iy = Zjvil I5;) along with the total Hamiltonian H are constants of the motion, and a
modified Gibbs distribution, exp[—H/T| — a1Z; — axZ,] is established®. Here T}, a; and as
are thermodynamic variables. From the velocity dependence in H, Z; and Z,, one can see
that T is the temperature that characterizes velocity components parallel to the magnetic
field and that Ty = [1/T) + oq /]~ and T1o = [1/T) + a2/~ are the temperatures
that characterize the perpendicular velocity components for species 1 and 2.

Inequalities (2) imply that on a longer timescale particles of the two species interchange
action with each other conserving the sum Z; + Z,. On this timescale, the variables a; and
s evolve to a common value, yielding the distribution exp[—H /7| — «(Z; + Z)], where «

is that common value. On a still longer timescale, Z; + Z, is not conserved, and « evolves



to zero, yielding the usual Gibbs distribution exp[—H/T]].
The purpose of this paper is to calculate the rate at which «; and as evolve to the
common value a and the much slower rate at which a evolves to zero. We will find that

a1 — (o satisfies the equation

d
%(al — ) = —vg(a1 — ay) (3)

and that « satisfies the equation

d
PR (4)

where v, is of the order O[nbv1; Ao (| — Q| /012)(v11/(021))?] and v, is of the order
O[nb2v11 oA (b2 /911)], and subscript 0 refers to initial values before equilibration. A; (k)
and As(r) decrease exponentially with increasing £. In the limit of & > 1, A;(R) and As(k)

are approximated by the asymptotic expressions

Ay(R) = 3.105™7/152Bm*7/6 (5)

Ao(R) ~ 3.87R!3/15=5(mR)*/7/6, (6)

In Aq(R), R is the magnetization R;; = bQ); /v, whereas in Ay(R), K is the magnetization

difference |K13 — Ko1|, when A; and Ay are used to describe the equipartition rates.

II. TWO-PARTICLE COLLISION

In this section, we consider the isolated collision of two ions that have equal charges
(e1 = eg = e), slightly different masses (|m; — ma| < mq,mg), and move in the uniform

magnetic field B = BZ. The Hamiltonian for the two interacting charges can be written as

P, P (e eBafeP) c ™)

H = + + 3
2my  2my 2my, (1 — 22)2 4+ (11 — ¥2)% + (21 — 22)%] /2

2
k=1
where we have used the vector potential A = Bzy, and the quantities (xx, puk), (Yk, Pyk),
(21, p21) are canonically conjugate coordinates and momenta®.

We assume that the magnetic field strength and initial velocities satisfy the conditions

for strong magnetization as defined in Section I (i.e., v,;/€; < b and [ — Q| > v)/b). In
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this limit, the following transformation!® is useful:

C

Y = - S Pzks
k= Yk eBp k (8)
&
Xk = eprk:7 (9)
1 Uk — Y
— —tan (2K 10
2 2
Par, + (Pyx — eBay/c)
I, = . 11

One can check that (zx, p.i), (Yi, Py, = “2X}) and (¢4, I1,) satisfy the usual Poisson brackets
required of canonically conjugate coordinates and momenta, i.e. {¢;,p;} = d;;. Here (X, Yy)
are the coordinates of the guiding center for the k-th particle, and (¢, I}) are the gyro-angle
and cyclotron action for the k-th particle. In terms of these new canonical variables, the

Hamiltonian takes the form

2 p2k 2
H = z 1 P 12
;(kaJr kk)+|r1—r2’ (12)
where
ry — I‘2|2 = (21 - 22)2 + (Xl + prcosty — Xo — po COS¢2)2
+(Y1 — prsinyy — Ya + po Sin¢2)2- (13)

Here pr, = /21 /(mi$) is the cyclotron radius of the k-th particle.

Since |r; — ry| is periodic in 1; and 1y, the Hamiltonian can be written in the form

2 2
_ Pri i(puh1+rip2)
H = E 2 4 O 1) + E eal , 14

k:1(2mk g k) i Juve ( )

where g, = g (l1, 12,21 — 22, X1 — X5,Y1 — Y3), and p and v run over all integer values
from —oo to +o00.

We will find it instructive to calculate the change over the course of the collision in the
sum and difference of the cyclotron actions, A(f; +I5) and A(I; — ). Hamilton’s equations

yield the time derivatives

d 19) 19) ,

- - (2 4L 7 - _ ; i(pipr+ry2)

L+ D) (3¢1 + 8%)[{ EW i+ v)gue (15)
and

d 0 0 .

il _ - (— — [ = — E T i(ppr+rip2)

dt( 1 2) <31/)1 an) — Z(:u/ V)Q,U«I/e (16)



For strong magnetization, one expects guiding center drift theory to provide a good
zeroth order approximation to the particle orbits. Moreover, the guiding center variables
are slowly varying in time compared to the rapidly varying gyro-angles 17 and 5. In
this approximation, the arguments of g,, = g, (11,2, 21 — 22, X1 — X, Y1 — Y5) are slowly
varying and the exponentials e?“¥1t7¥2) are rapidly oscillating, and the time integral of such
a product phase mixes to a small value. We will find that the value is exponentially small
in the ratio of the rapid to the slow timescales.

At this point, we can anticipate the main result of the calculation. The smallest fre-
quency for the exponentials is |2; — 25|, corresponding to the choice p = —v = +1. Since
the coefficient for this term vanishes identically in Eq. (15) but not in Eq. (16), the change
|A(I; 4+ I3)| is much smaller than the change |A(I; — I3)|. Equivalently, one may say that
the total action is conserved to much better accuracy than either of the two actions inde-
pendently, i.e. |A(L; + [)| < |[AL| |AL.

11,12

The guiding center Hamiltonian is obtained simply by setting p; = p2 = 0 in Eq.

(13), yielding

2 ,
Dk e

Hoe = R : 17

o ;(277% eli) [(21 — 22)2 4+ (X1 — X3)2 + (Y1 — Y2)2]1/2 (17)

where Py, = -%Xj. Making the canonical transformation to center-of-mass and relative
coordinates

g _ st o

my + mo
MopPz1 — MapPz2
: 7 ) 20
PZ = pzl +p22 (21>

yields the Hamiltonian

2 2 2

P P e
Hoe = 2 + 22 + [y + 1L,Q
0T oM T T T R T G T (X - X (V- V)

where M = my + mg and p = myms/(my + my).

(22)

Thus, with guiding center dynamics, the quantities Hgc, Pz, I1, I, and (X; — X3)% +
(Y1 —Y3)? = |AR |? are constants of the motion, and the relative coordinate z(t) is governed
by the equation

p2 (1) ¢ _

> T IARET )R 2 (23)
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where v = £(t = —o0) is the initial relative velocity. From this equation, one sees that the

minimum allowed separation between the guiding centers is given by b = \/|AR | |2 + 22|pin =
262/(,uvﬁ). We choose ¢t = 0 so that z%(¢) is an even function of ¢. For the case where
|AR | | < b, there is no reflection and we choose z(0) = 0, and for the case where |AR | > b,
we choose ¢ = 0 to be at the point of reflection, that is, z2(0) = b* — (AR?).

In the guiding center drift approximation, the most rapidly varying variable in the argu-
ment of g, (11, 2, 21 — 22, X1 — X2, Y] — Y5) is the relative coordinate z(t) = z;(¢) — 22(¢), and
the timescale associated with this variation is of order b/vj or larger. By comparison, the
timescale for the oscillatory variation of the exponential exp(iu); +ivibs) is |y +vQs| ™1 <
Q1 — Qo] !. Thus, the strong magnetization ordering v)/b < [ — Q| <K Qy, Q5 is simply
a statement of the needed separation of timescales.

We Taylor expand g, in powers of p/ \/m < pr/b < 1. As one would expect,
each term in the expansion of g,, is of order (p/b)#*I¥I| and for simplicity we retain only
the lowest order term. An equivalent way to do so is to expand H in powers of p; and
collect terms of the right Fourier dependence exp(iuiy + ivys), so as to obtain the Taylor-

approximated g,,. Expressions of g,, that are used in the calculation are the following:

ei(Q1t+¢l) 62UJ_1/Q]_

- . 24
i(Qaot+¢2) 2
e e*v1a/8 «
_ _ 25
901 2 |ARL|2 + 22 gO,—17 ( )
()t +i(d1—¢2) o2 3|AR, |? V11Vl
g1,-1 = — el 24 52 =91, (26)
5 (IARJ? + 22)%/ 2(]AR L2+ 22)" 10

where v = ppQ is the cyclotron velocity, ¢r = 1 (t = 0) is the gyroangle at ¢t = 0, and as
mentioned earlier we choose ¢ = 0 so that 2%(¢) is an even function of time. Also we note that
|g10| and |go:| are of the order py oc ;' oc B™%, but |g, 1| is of the order p? oc ;% x B~2.

Since the time integrals ffooo dtg,., exp(ipy +ivihy) turn out to be exponentially small in
the ratio of the slow to rapid timescales we need only to retain the lowest frequency terms
in the sum over p and v. Specifically, we retain the terms with frequencies [Q; — Qs|, Q,

and 2o, using Eqns. (24) to (26) to obtain the results

A(L — 1)
B < Lv1g AR || N IR AR |
= — /_Oo e 0, sin QSQ(‘ARLP eI cos(Qat)dt — - e o sin ¢y (AR, [2 1 277 cos(Qqt)dt
o0 v v 2 . 3|JAR,|?
Q — )t — 1— dt 2
+/OO (lARLP +22)3/2 9192 COS[( 1 2) ]Sln(¢1 ¢2)( 2(|ARL|2 +22)) ) ( 7)



and

AL + 1)
— = 2U 12 |ARJ_| > 2 J_1 . |ARJ_’
= /_OO e Q, Sm@(\ARLP e cos(Qat)dt — e o sin ¢y (AR, + 2)72 cos(St)dt.

- (28)

The integrals carrying cos(€);t) are proportional to

[ d€cos(kif)
i m) _/_Oo (2 + C2())3/2 (29)

while the integral carrying cos[(€2; — €25)t] is proportional to

L _ © d€ cos[(k1 — Ka)E] _ 3
f2(f<61 2777) /_Oo (772+C2<§>>3/2 ( 2[772—1-(2(5)]

where & = vt/b, k; = bQ;/v), n = |AR.|/b and ( = z/b. In terms of these variables,
differential equation (23) takes the form

); (30)

dc ., 1
S 31
df) n? 4+ C3(¢) (31)

where (?(0) = max(0,1 — n?). In the next section, we will need the results

(

2 2

A(L + L) = ‘;E(UTT sin 1) fi (1, ) + @U’— sin o)1 f1 (2, 1), (32)
2 2
Al = _be_Ql(v_ sin ¢1)n fi(k1,m) + er 0, ULUN;M fo(k1 — K2,m) sin(¢r — ¢2),(33)
2 2
Al = %(U— sin ¢o)n f1(k2,n) + 596192 Ut}l;;u fo(k1 — Ko, m) sin(pe — ¢1). (34)

In the regime of strong magnetization (i.e., 1 < |k1 — Ka| < K1, k2), the integrals f;
and f, are exponentially small, since the integrands are the product of a rapidly oscillating
cosine and a slowly varying function. The rapid oscillation makes a direct evaluation of such
integrals difficult.

In Appendix A, we analytically continue the integrals into the complex &-plane, making
the exponentially small value of the integrals manifest in the integrands themselves. This

facilitates numerical evaluation of the integrals and yields the asymptotic forms
filkg,m) = ha(rg,m) exp—g(n)k;], (35)
fal[kr = kal,n) = ha([r1 — kal,n) exp[=g(n)[r1 — Kal], (36)
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where

3/2d93
_|/ \/x—l x2)| (37)

is shown in Fig. (1). From the numerical evaluations one can see that the quantities
h;(k,n) are neither exponentially small nor large. Also for n = 0, one can show that
h;(k,0) = ha(k,0) >~ 8mk/9. In the next section, we will need the asymptotic forms only for
small 7. Fig. (2) shows a comparison of the numerical solution for fi(x,0) = fao(k,0) = f(k)

(solid curve) with the asymptotic solution (dashed curve).

10t 1

8f ]

am)

FIG. 2. Values of f(x). Solid line: numerical integration of f(x). Dashed line: asymptotic

expression for large x.

As expected, the asymptotic forms are exponentially small in the ratio of the slow to

1

fast timescales. For example, for f; the fast timescale is 7, = ;" and the slow timescale

is 7, ~ (7/2)(b/v)) for n = |Ry|/b < 1 and 7, ~ |R |/v) for n > 1. Note from Fig. (1)
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that ¢(0) = 7/2 and that g(n) ~ n for n > 1. For f5, the only difference is that the fast
timescale is |2, — Q| L.

For strong magnetization (i.e., 1 < |k; — Ka| < K1, K2), the asymptotic forms verify the
expected ordering for the changes in the actions (i.e., |A(; + )| < |AL| |AL| < 1).

As a check on the accuracy of Eqgs. (32), (33) and (34), we compare the predictions
for A(I; — Iy) and A(l; + I5) with results obtained by direction numerical integrations
of the equations of motion for some sample collisions. For these comparisons, we choose
mg = my + 0.1m; and v;; = vy = 0.01y. The two particles are initially separated by the
distance d = 1000 and given the intial relative velocity v, = v”\/ 1-b/ \/m The

collision ends when the particles are again separated in the z-direction by the distance d.

The motion is followed with a sixth-order Runge-Kutta algorithm!®, using a timestep that
is sufficiently small for the error in the total energy to be small compared to the change
A(Ei1 + E|5). The phase angles ¢, are varied to obtain the peak-to-peak variation in
A(I; — Iy) and A(I; 4+ I). The solid curves in Figs. (3) and (4) are the predictions of
Egs. (32), (33) and (34), with numerical evaluation of integrals (29) and (30), for the scaled
changes A(I; — I5)/(myv?/Qy) and A(I; + L) /(mqv?, /€2), respectively. The points result
from integrating the particle equations of motion. For the collisions in these figures, 7 is near
zero, and ko is varied over a range of values. Of course, k1 = 1.1ky and |ky — k1| = 0.1k5. In
Fig. (5), k1 is fixed at the value 21.0, and 7 is varied. We can see from the figures that our
theory matches with the simulation results as long as magnetization is strong, i.e. k1 > 1.
Particularly from Fig. (4), it is evident that the theory breaks down when k; goes lower

than around 2.
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107¢

10-°

k1 =Kol

FIG. 3. Change in cyclotron action difference vs |k — k2| = x1/11. Here vy = v1o = 0.5y and

mo = 1.1m1.

100 F———

0.01

1074

A +)l/(myv2/Qy)

107

1078 I

FIG. 4. Change in cyclotron action sum vs magnetization x;. Dots: simulation results. Line:

values using numerical integration of fi(k1,n7 = 0).
III. COLLISIONAL EVOLUTION OF A PLASMA

This section discusses the collisional evolution of a two species, strongly magnetized, pure
ion plasma. Species 1 consists of Nj singly ionized atoms of mass m; and species 2 of N,
singly ionized atoms of mass my, where |m; — msy| < my, my. For simplicity, the plasma is
assumed to be uniform and immersed in a continuous neutralizing background charge. A
laboratory realization of such a plasma is a thermal equilibrium, pure ion plasma that is
confined in a Malmberg-Penning trap. Plasma rotation in the uniform axial magnetic field
of the trap is equivalent to neutralization by a continuous background charge.

The plasma is assumed to be in the weakly correlated parameter regime, e?n'/3/ I <1,

3

where n is the density'*!'®. The inequality can be written as b < n~3, so close collisions,
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0.0121
0.010r
0.0081
0.006
0.0041

A(l=12)I/(Myv12/Q1)

— 0.0021

0.000L.

FIG. 5. Change in cyclotron action difference vs rescaled transverse separation 7, for k1 = 21

and |k1 — k2| = 1.9. Dots: simulation results. Line: values using exact numerical integration of

fa(Jk1 — k2|, m).

which are primarily responsible for changes in the cyclotron actions, are well separated
binary interactions of the kind considered in the previous section. Furthermore, the plasma
is assumed to satisfy the strong magnetization ordering in Eq. (2), so all collisions between
unlike ions are of the kind considered in the previous section.

To understand the final assumption, first recall from Eqgs. (32)-(34) of the previous section
that the change in actions during a collision depends sinusoidally on the initial gyroangles
orj = ¢rj(t = 0). The time between close collisions is much larger than a cyclotron period,
so we assume that the particles enter each collision with random gyroangles.

Thus, the N-particle dynamics consists of many statistically independent, binary inter-
actions of the kind considered in the previous section. In this section, we simply establish a
statistical framework to understand the cumulative effect of these collisions. The derivation
follows an approach similar to the Green-Kubo relations!®.

For a collision between unlike particles, we found in the previous section that the changes
in the individual actions are exponentially small, |AL| ~ |Aly| ~ O(exp[—7|r1 — K2|/2]),
and that the change in the sum of the actions is even smaller |A([; 4 I5)| ~ O(exp|—mk/2]).
However, for a collision between like particles, the change in the individual actions is not
exponentially small since ; = Qy and exp|—7/2|k1 — ka|] = 1. Of course, the change in the
sum of the actions is exponentially small since Kk = k1 ~ kg > 1.

Thus, on the timescale of a few collisions, one expects the like particles to interchange
action with each other nearly preserving the sums Z; = Z;V:ll I(71) and Zy = Zj\f:zz 1(52),
where I(jx) is the action of the j-th particle of species k (k = 1,2). Maximizing entropy

12



subject to the constancy of the total Hamiltonian # and the total actions Z; and Z, yields
a modified Gibbs distribution of the form®

1 H
DO = E exp[—j—h — 0611-1 — 0421-2], (38)

where Z and the thermodynamic variables T}, ; and a; are determined by the normalization

[

1 = [dl'Dy(T) and the expectation values

N,
(Zr) = /dFDo(F)L«: = ot QT (39)
(H) = / dL Do(D)H = (N1 + No)Tj + (T1) 1 + (Zo) Q2 + Ueonr- (40)

Here, dI' is a volume element in the N-particle phase space (N = Ny + Ny). The first three
terms in the expression for (H) are kinetic energy terms, whose form can be understood
from the velocity dependence in H [i.e., ;Vll my (v? v + v3;)/2+ ZJ L ma(v? v + v?;)/2] and
in 7 [i.e., j.vz’“l mkvij/(QQk)]. The last term, U.or, is the correlation energy due to the
interaction potentials in H. For a weakly correlated and neutralized plasma, this latter term
is small compared to the kinetic energy terms', so we drop this term and use

(N1 + N2)T

(M) =

+ <I1>Q1 + <IZ>QZ. (41)

Because the Z,’s are not exact constants of the motion, the Liouville distribution, D, is
not given exactly by Dy. We set D = Dy + Dy, where D, is a small correction due to the
time variation of the Z;. Also, the thermodynamic variables, T}, a; and ay vary slowly in
time, and the purpose of this section is to determine that variation.

To that end, we must evaluate the rates of change

di“ — /dP%—DIk /dFD{Ik,”H}, (42)
% = /dF%—?H:/dFD{%,H} =0, (43)

where {, } is the Poisson bracket, and use has been made of the Liouville equation, 0 = dd’? =

W + {D,H}, and of integration by parts.
There is a subtle point in the evaluation of the Right Hand Side of Eq. (42). If one were

to approximate D by Dy, the resulting integral would be zero

/ AT Do{T;,, H} = / dFZ ”;ZO —0, (44)
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where 9y is the gyroangle conjugate to I;; and use has been made of the facts that the only
dependence on vy; is in H and that dependence is periodic. The non-zero contribution to
the Right Hand Side of Eq. (42) comes exclusively from Dy, and to know D; one must solve

the Liouville equation.

We suppose that at some time ¢ — 7, the correction Dy is zero and let D develop through
the collisional dynamics. From the Liouville equation, dD/dt = 0, one finds that D(¢,T") =
Do[t — 7,T'(T', —7)] where the phase point IV = T"(T',¢ — t) evolves to the phase point T’
as the time evolves from t' to ¢t. In evaluating D[t — 7,1"], we use H(I") = H(I") and
Tp(I") = Z (') — 6Z, where

t
0T, = / At {T, H} o r—o. (43)
t—1

By hypothesis, Z, changes through a sequence of close collisions entered with randomly
phased initial gyroangles. Thus, one can think of Z;(t) as a stochastic variable that suffers
a sequence of many small and random changes. The correlation time for Ik(t) is about the
duration of a close collision, and the change in Zj(¢) during that time is small. We choose
the time interval 7 to be longer than the correlation time but still small enough that dZj is

a small change.

Taylor expanding Dy[t — 7, ] with respect to the 0Z,’s yields the distribution

2

t
D(t, F) ~ Do(t -7, F) + Z OéhDo(t -7, F) / dtl{Ih, H}‘F’(F,t’—t)- (46)
h=1 t—T1

When this distribution is substituted into integrand (42), the first term integrates to zero
according to Eq.(44). Since the thermodynamic variables change only by a small amount
during the time 7, Do(t —7,1") may be approximated by Dy(t,T") in the second term yielding
the result

(T, 2 Lo
<d :> ~% / it / AT Dy (t, ) {Ze, H AT, HY v (47)
h=1 t—1

The Poisson brackets in Eq. (47) are non-zero only in regions of I'-space corresponding
to close, well-separated, binary collisions. In those regions the Poisson brackets depend pri-

marily on the coordinates and velocities of the two colliding particles. Thus, the coordinates
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of all the other particles may be integrated out, reducing Eq. (47) to the form

d(Zy)
dt

— akw /t_T dt’/dfy]-"(lk,Qk){I(lk) + 1(2), H(1, 20) 5
AT (%) + T(2%), H (i, 26) Hormyr ()

t
+akaNk// dt’/dy]-“(lk,1k/){](1k),H(1k,lk/)}|7{l(1k),H(1k,1k,)}|7/7,(%,5,_75)
t—1

t
+Oék/Nka/ / dt/ / d’}/]:(lk, 1k’){j(1k)a H(lk, 1k’)}|7{l(1k’)7 H(lk, 1k’)}”y’:'y’('y,t’—t)'
t—1
(48)

Here ' =2 if k =1 and k' = 1 if £ = 2. The two-particle function F (i, j,) is obtained
by integrating D(I') over coordinates and velocities for all particles except i, and j,, and
H (i, j,) is the two-particle Hamiltonian governing the collisions between i, and j, (see
Eq.(12) of the previous section). The first term in Eq.(48) describes a collision between
particles 1 and 2 of species k, and there are Ni (N, — 1)/2 such collisions. The next two
terms describe a collision between particle 1 of species k& and particle 1 of species &/, and
there are NNy such collisions. If for brevity we refer to particles i and j, as particles 1

and 2, the two-particle phase-space volume element dv is given by

dy = dzidpidzsdpsdipydI dipsd,dY,d Py, dYsd Py,
= (mkmq)?’dzdvdedVZdwldzbng1dvuvudvu . XmindXQd}/é7 (49)

where use has been made of the definitions I; = m;v},/(2Q;) and Py, = m;Q;X;, and where
(z,v,) are the relative position and velocity in z and (Z, V,) are the center of mass position
and velocity. These latter two variables do not enter the Poisson brackets.

Next we argue that the ¢’ — ¢ dependence in the dy-integrals of Eq.(48) is even in ¢’ — t.
From Hamiltonian (14), we see that the Poisson brackets in Eq.(48) involve terms of the
form g, explipyn + ivipy]. The dependence on ¢ — ¢ enters because the second bracket in
each product of brackets is evaluated at the primed phase point IV = I"(I',¢ — t). When
the products of brackets are averaged over the random initial phases of the gyroangles, the
resulting time dependence from the gygroangles is of the form cos[u(¢] — 1) +v () —1)| =
cos[(u2 + v€s)(t' — t)], which is even in (¢ — t). The remaining time dependence comes
from the relative coordinate 2’ = 2/(z,t' — t), which enters g,,(7"). From Eq.(23), one can

see that 2’ is unchanged for (' —t) — —(t' —t) and vy — —v), where v is the value of
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the relative velocity v, before the interaction. This is seen most simply for the simple case
where the particles stream without interaction and 2’ = z + v, (¢’ — t). Of course, f(7) is
invariant under the interchange v, — —uv,, so the d~v-integrals are even in (' — t).
Thus, the integral ftt_T dt' in Eq.(48), can be replaced by the integral % tt+T dt’. The dt’

integral then extends over the full duration of a collision, and Eq.(48) can be rewritten as

d(Z)
Cdt
(Ny, —

%{aka : 1) /dfy]:(lk,Qk){[(lk) +I(2k),H(1k,2k)}A([(1k)+[(2k))(1k72k)
+a Ny Ny /dv]:(lk, L)AL (1), H (L, 1)) FAU (16)) (10,140)
(50)

(51)

+ap N Ny /dﬂ'_(lka L) (1k ), H (L 1)) AU (1)) (101,00 )
dt'{I (L) + 1(2k), H(Li, 20) o= (—0),

where
t+1
-/
is the change in (I(1x)+1(2x)) during a collision between particles 1 and 2;. The quantities

AU (Lk) +1(26)) (1020)
A(I(1k))(1,,1,) and A(I(1x))(1,,1,,) follow the same notation. These changes were evaluated

in Section II.

FIG. 6. A typical trajectory for a collision in the (z,v,) plane. Here b is the distance of closest

approach, and v|| is the velocity at t = +o0.
Next we note that one coordinate in the dvy-integral can be written as a time integral.

Figure (6) shows the (z,v,) phase space with a typical trajectory for a collision. Such a
16

trajectory is described by Eq.(23). The dv-integral includes an integral over the dzdv, plane,



and we propose to carry out the integral by arranging area elements in a sequence along
each phase in the trajectory using the incompressible nature of the flow, dz'dv, = dzdv,.
Along the trajectory, the two-particle distribtuion F is a constant, so it may be evaluated
at some starting area element before the interaction, say at dzdv,. At this starting element
we set dz = |v,|dt, where |v,| is the initial relative velocity defined in Eq.(23). Thus for each
element along the trajectory, we have the integration element dz'dv, = |v,|dtdv,. The time
integral dt is an integral of the Poisson bracket along the trajectory, that is, over the course
of the collision, and yields the change in the actions during the collision. Thus, Eq. (50)

reduces to the form

M) LB [ m0a000 + 1000000

—I—OékaNk//d’s/f(o)[A(I(lk))(lk,lk/)]z

+a Np Ny /dW:(O) [AU(1k) 110 AU (Lk)) (11,03 (52)

where F(©) is the distribution evaluated at a phase point before the interaction and

_h

o odt

= (mkmq)g‘]vz\dedZdedwldwgvlldvuvudvu : Xmd}/ldXQd}/Q (53)

dy

Here the subscripts 1 and 2 stand for i and j, as in Eq. (48).

In this same notation, the distribution before the interaction is given by

H(1,2
.F(O) = C’exp[—% — OZl[l — CYQIQ], (54)
l
where C' is a normalization constant and
m m
H(1,2) = 716(“,31 + Ui1) + 7(1(1’32 + Ui2)
2 2 2 2

Here pg, = mgmy/(my + my) is the reduced mass and My, = my, + m, is the total mass of

the two particles. From the normalization [ dyF® = 1, we find the distribution

F(O) _ 1 \/mkmq mkmq
L6(mkmq)3(27r)2 27T7_]| TJ_kTJ_q
figV3 _ My V? _ mvt,  mguty

- 56
2T, 2Ty, 2Ty, 2T, ) (56)
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where L? is the volume of the plasma and T = T)/(1 + T} /).
It is convenient to define the relative, parallel thermal velocity of a species ¢ particle and

a species j particle as

T
by =4[ L, (57)
Hij
and the magnetization of a species-i particle in interaction with a species-j particle as

-
Rij = & (58)

Uij

where the distance of closest approach is b = 2¢?/ 1.

Note that because of this definition the &;;’s are related to k1 by ratios of masses:

_ _ms 2mz‘/m1
= Ry L [ e 59
il = P A @+ e my) (59)

Specifically,
s m (M1 60
K22 %11(m2) ) ( )
2
Rio = Fqqg ) — 61
K12 K11 (1—|—m1/m2)7 ( )
my 2

and Ko = K,HE m

According to Eq. (32)-(34), the change in actions depend on the initial gyroangles ¢;
and ¢. Along any trajectory of the kind shown in Fig. (6), the gyroangle ¢; differs
from the v; in the differential for dy only by a constant, so we can replace di;d; in the
differential with d¢,d¢,. Also, the change in actions depend on Xy, Y], X5, Y5 only through
n = |AR_|/b, where |AR|*> = (X; — X2)? + (V1 — Y3)?, so in the differential dy we set
dX,dY,dX5dYs = 2rb?ndnd X,dYs. The integral over dZdX,dY5 then trivially gives a factor
of L3. The change in actions does not depend on V., so the V, integral yields \/m.
When substituting Eq.(56) for F©(1,2), one must be careful to identify the species of
particles 1 and 2. For example, in the first term of Eq. (52) both 1 and 2 are of species k,
and in the second and third terms, particles 1 and 2 are of species k and k. Making these

substitutions and using the relations Z, = N7/ and o /Qp = (1/T, — 1/T))) yields
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the result

dT’
dt

V 21 vV 2 MEk

= (CFH — TLk)[’rLkEQT)kk . 3 Al(Rkk) + nk/l_)217kk/ . 1 Al(Rkk/)]
my
o — o) T 1 T g 2, n/5217/v27r _ _
+( k gk)) Lkl ik M 7k ! kk AR — Favs), (63)
% mrmy  FppRipe 2
where
_ e do > 3 2 K 70.2/2
Ay (k) = — | wdnfi(=.ne (64)
o 0 Jo o
- 00 00 i .
Ay(R) = / d003/ ndnf3(=5.m)e "% (65)
0 0 o
In Appendix A, we obtain the large k asymptotic limits
A1(R) = 3.10F7/13¢=5(7R)*/%/6, (66)
As(R) = 3.87R!3/15—5(37R)*//6 (67)

For the strong magnetization ordering x;; > |R12 — Ra1| > 1, we note that Aq(k;;) <
Ay(R12 — Ro1l).

Here, the last term on the Right Hand Side of Eq. (63) describes the rapid relaxation
where particles of species k collide with particles of species k&’ and exchange cyclotron actions.
As one would expect, this term is proportional to (ay — ag) and vanishes when oy = ay.
The first term describes the slow relaxation where the total cyclotron action is broken and
liberated (or absorbed) cyclotron energy is exchanged with parallel energy. As one would
expect, this term is proportional to T} — T'13, and vanishes when T} = T ;. Note here that
(T} —T'1) is proportional to oy, so one may equally say that the term vanishes when oy, = 0.
Also, note that when the two species are the same (i.e. when k = k') and when o = ay,
the rate equation reduces to that obtained in the work of O’Neil and Hjorth*. Finally, we
will argue in the next section that Eq. (63) is an easy place to generalize the treatment to
more than two species. One simply sums &’ over all species except k' = k.

Next we introduce scaled variables. The thermodynamic variables T}, o; and ay are the
three unknowns, which we scale as TII = T)/Tjo and &y, = a;Tjo/S21, where Tjjp = Tj(0) is the
initial value of T}. An equivalent set of thermodynamic variables is the three temperatures
Ty, T'\; and T' 5; we scale the perpendicular temperatures as TM = le/T”o. &y, and TM are

related by Gy, = (mi1/my)(1/T 1, —1/T}). The actions are scaled as (Z,) = (Zi) (S /T)o). We
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introduce a scaled time ¢ = tnb2v;; o, where again subscripts zero refer to initial values and
nb*vy, = 71531711,0(T||0 / T||)3/ 2. The magnetization parameter &;; is already dimensionless, but
does have a temperature dependence k;; = /?aij70(ﬂ|0 /TH)?’/ 2. Following the same notation,
we write density ratios as ny = ng/n The scaling removes dependence on the total density
n, and dependence on B enters only in the combination with T}y through the magnetization
parameter k11. As we will see, the solution depends only on the initial values of the scaled
thermodynamic variables, the initial magnetization strength <119 = Q1by /V11,0, the mass
ratio my /ms, and the density ratios 7y = ny/n.

In terms of these scaled variables Eq.(63) takes the form

dTJ_k- N ék “ " Kk mi
— = |ap— + (o — Q) —|—, 68
7 [knk (a k)nk]mk (68)

where

A ij m 3/2\/27‘ -2 = 5o 2 A+ (R
— . J— / _— /
Gy = —AHUZ ( 1) 3 [ Ay (Frr) + N Ty 1(Rrwr)] (69)

regulates equipartition of T\, with TH on the slower timescale, and

[A( . Tj_kjjk/ R \/271' @mk/ 3 2777,1 ) A2(|dek/ _Rk’k‘)

k= =5 " NENg -
TH3/2 my my’ my +my k2,

regulates equipartition of oy, with g on the faster timescale. The statement of conservation

(70)

of energy in Eq.(41) can be rewritten as the relation
Tj(t) = 1+ 2{i [T11(0) — Tua(8)] + o[ T'12(0) — Tua(1)]}- (71)

This equation plus Eq.(68) for k = 1 and 2 and the relation ay = (mq/my)(1/Tx — 1/T})
determine the evolution of the three unknowns 7}, T’y and T' 5 (or equivalently T}, a1 and
am).
To obtain equations for &;(t) and ds(t) alone, we combine Eq. (68) with the relations
déy, my, 1 dTy 1 dTy,

e ! (72
my T|| dt T2, dt

1 dﬂ| dTJ_l dTJ_Q
0= —— +N1—— + Ng—. 73
2.di | di 2 di (73)
The result is
do R R I R
d_fl = —UV11Q1 — V120p — F1(041 - 042)7 (74>
d& R . I R
d_; = —U91(1 — VpoQ¥g — F2(042 - 041)7 (75)
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where the 7;;’s and the f‘k’s are given by

2
o Ogmy
Vij == ( =

2m? .
2 5 2 | g —)Gj, (76)
17 ,n;m; TH m;m;
. m? 2(1 — my/my), ~
By = [ 2+( R/ M)
17 ngmy,

~ ] k>
Tt /mt

(77)
and T, = TH/(l + @kﬂmk/ml). In these coefficients, TH(t) and TLk(t) are determined by
Eq. (71) and the relation 7', = TH/(l + aTyme/my).

solutions.

Analytic progress in solving Eqgs. (74) and (75) is possible in two separate limits. We
ious values of the parameters, verifying the limiting behaviors expected from the analytic

first discuss the solutions in these limits and then solve the equations numerically for var-

For sufficiently strong magnetization, the K and éj integrals satisfy the inequality

the equation

kl,f(g > él, ég, and the collisional relaxation takes place on two timescales. By sub-
tracting Eq. (75) from Eq. (74) and neglecting G1 and G, compared to K1, K, we obtain

d_f<d1 — Gg) = —Vu(4q — Qo)
where

(78)

Vg = fl + f‘g
. 1 1 m? 2(1—mqy/my)?
R e e T )
Tiy Tiane Mo T
is the rate at which &; and &5 relax to a common value &.

At a slower rate, @ relaxes to zero. To obtain this rate, we multiply Eq. (74) by I’y and
Eq. (75) by I'; and add to obtain the result

< day o dag
Iy—+T
th 1

~

dt

A

= —fQ(ﬁn@l + D19G) — 'y (D910 + Daadia).

(80)
The large quantity K; enters the fj on both sides of this equation and cancels, leaving a
slow rate of order éj. Setting & = &s = & then yields the equation

do

_ﬁbdv
dt

(81)
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N 1;2(511 + 19) n IAﬂ1(7921 + g9)

f‘l —+ FQ f1 + f?
_ {i[mf/mi, N 2ma /g (ma /iy — 1)] ) [2m1/mk(1 -/ my) + m%/mz]ék}
k=1 TJ_k/ﬁk’ T||2 T”2 Tikﬁk
1 m2/m3  2(1 —my/my)?,_
[ A12 A2 -~ ] 1 (82)
Tiny Tione T

is the rate at which & decays to zero, and hence from the relation &y, = (my/mg)(1/T1), —
1/TAH), the rate at which 71 and 7', approaches TII-

Of course, this approximate solution is only accurate to order |G’J / K k| < 1. For example,
& () — Go(t) does not decay to exactly zero during the first phase of the evolution but rather
to the small value (&1 — Go) ~ [(D9g + o1 — D11 — ﬁlg)/(fl + fg)]d ~ O(éj/Kk)& < &. One
can understand this by setting day/df, dés/df ~ 0 in Egs. (74) and (75) and solving for
a1 — Qa.

Another analytic solution is possible when &; and &, are small, and Eqgs. (74) and (75)
may be treated as linear coupled equations with constant coefficients 7;; and T';. In these
coefficients, one must set TH = TAM = Tlg = T. A normal mode analysis® then yields the
solution

au (t) Qy Sy o Q- oS0 (83)
da(1) Qg Qg
where C; and C_ are constants determined by the initial values &4 (0) and é5(0), the damping

decrements 5'+ and S_ are given by

Sy = 5{—@22 + o+ 1T+ Te) £ (Do + 011 + 11 + F2)2

—4[(D11099 — D1al9y + (D11 + 512)f2 + (D92 + ﬁ21)f1)]]1/2}7 (84)

and the eigenvectors by

Q4 'y — i Qr— [y —ino
~ = ~ . ~ ) . = N . ~ : (85)
Qay Sy +on +1 Qo S_+on +1

In the strongly magnetized limit where fj > 1,;;, we recover the previous solution. The
damping decrements are approximately

5 [+ 1), S D1+ 012)Ts + (Do + 0)T
S—z_(F1+F2),S+:—<H 12)A2 (A22 91)1'1
F1+F2

, (86)
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in agreement with Eqs. (79) and (82). In this limit, the |+) eigenvector is proportional to

& 1
= R (87)
1 4 (V11+VA12*IZ21*V22)
I'y+Is

Qo
and [ (t) — Ga(t)] evolves to near zero on the timescale S~ ~ 1/(I'; +I'y). As mentioned
earlier, the correction is of order (41 + D19 — D91 — 1922)/(fl + fg) ~ O(GA]/K;C) < 1.

When the I'y’s are comparable to the V;;, the separation in timescales between §+ and
S_ no longer exists. This is the case when magnetization is low or the ion mass difference
between the two species is large. However, we note again that our rates only apply to the
strong magnetization regime |Rjy — Ro1| > 1. If magnetization is low and |R12 — Ra| < 1,
the timescale in which particles of different species exchange cyclotron action is comparable
to the timescale of a few collisions. Over this timescale, the distribution would not be cast
into the modified Maxwellian in Eq. (38) as assumed.

We convert the rate equations back to unscaled version for easier reference, using the

definitions of the scaled physical quantities. The unscaled version of Eqn. (74) and (75) is

dak

% = VO — V'Ot — Fk<ak — ak/), (88)
where
2008 Qiékl
Vg = G, 89
0?2 20, (e — Q)
= [—2-+ | K, (90)
kT3, nT}
and
T _ N2 - 2T B
Gk = ”Q;_k [nzbvkk 8 A1<I€kk) + nknk/bvkk/TuﬂAI(/{kk/)], (91)
k my
T &1 i Mzk’ nknk/l_)Qvikk/ vV 2T _ _
K = A = Rl ). 92
g Qe mugmyy Rppkipr 2 2([Rae = Faen ) (92)
Then in the first stage of equilibration,
d
E(al —a3) = —v(aq — ag), (93)
where
Q% Q% 2( — 92)2
Ve = | |K;. (94)
mT?,  nT?, nTH2
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And then in the next stage of equilibration, where a; = o = ap,

do

- = T (95)

where

Lo(vin + vi2) 4+ Ti(var + vag)

Vy =

I+ 1y
2
QQk/(Qk/ — Qk) Qz, QQk(Qk + Qk/) Qi
=D T 72 T? 77, )G

= M el e o L

0? 02 2(; — Q)2
Ll : (21 — ) -1 (96)
mT7  nolT, nTj

Next we consider three numerical integrations of (74) and (75). For both the first and
the second integrations, we choose n; = 1y = 1/2 for convenience, and my/m, = 25/24, as
that is the mass ratio of two common constituent ions in a pure ion plasma, namely Mgj.
and Mgg,%7. For all the cases, the lighter ion has a mass of m; = 24m,,, where m, is the
proton mass. We choose the total density to be n = 10° cm~3. The parallel temperature T
is assumed to be in the range where the plasma is weakly correlated, i.e., I'corr < 1, where
Leone = (47n/3)Y3e?/T) is the coupling parameter'®. This requires 7| > 1.1 x 107° eV.
We also choose the magnetic field to be B = 60 kG, a value that was realized in past
experiments!2.

The first integration is for a case of strong magnetization k17 9o = 80.0 and correspondingly
K12,0 — k21,0 = 3.2. The initial parallel temperature Tj, under this value of K119 is 4.5 x
107° eV. With this temperature, the system has a weak correlation of I'c,,, = 0.24. For
such a density and temperature, the collision rate is nb2v;19 = 7.7 x 103 s71. Also, the
initial scaled perpendicular temperatures are taken to be TM,O = 0.5 and TJ_QyO = 0.25.
The evolution of &; and @&, is shown in Fig. (7) and of TM,TM and TII in Fig. (8). In
this case, the separation of timescales is clearly apparent. &; and &s evolve to a common
value in a time of 10 s and then evolve to zero in the longer time of 1000 s, or 17 minutes.
Note in both figures that the abscissa is a logarithmic scale. As T decreases during the
final relaxation, the magnetization k;; TH_S/ ? rises and the equiparition rate, which has
the exp[—5(37r/?c§{5) /6] dependence, is exponentially suppressed. This accounts for the fact
that the final equipartition takes place over a long three decades of time. In Fig. (8), the

temperatures TM and TM have slightly different values even after &; and &y have reached
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common value because of the mass dependence in the relation T = T”(l + dkﬂmk /my).
Note that the correction in Eq. (87) is not visible on the scale of the figures.

The second case, as shown in Fig. (9) and (10), is for a case where the initial parallel
temperature is lower than the perpendicular temperatures, but the magnetization and ion
masses stay the same as in the first case. The first equipartition, when &; and &, are
approaching to the same value, has similar duration as in the previous case, but the final
equipartition occurs over an exponentially much shorter duration of 20 s than in that previous
case, as the increase in parallel temperature speeds up equipartition exponentially.

The third integration is for a case of strong magnetization, but large ion mass difference
between the two species. ®110 = 80.0 and Ry20 — ka1, = 24.7, with a choice of my/my = 1.4.
The values of n and Tj, are the same as in the previous cases. In this case, the rate
Dy ~ O(exp|—5(37|R1a — Fa1|*°)/6]/F2,) of the first equipartition is comparable to the rate
Up ~ O(exp[—5(37rﬁf{5) /6]) of the second stage. The thermodynamic variables &; and g
decay to zero without equilibrating first to a common value, and the temperatures TII? T,

and T, converge to the same value, as in Fig. (11) and (12).
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FIG. 7. The time evolution of &; and s for the case of Ri10 = 80.0, ma/m; = 25/24 and

fy =g = .5. Here nbiv110 = 7.7 x 10* s™* and Tjjg = 4.5 x 1077 eV.
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FIG. 8. The time evolution of TLl,TLQ and TII for the case of k11,0 = 80.0, ma/m; = 25/24 and

n1 = ng = .5. Here nl_)%@n,o =7.7x%x103 s and T||0 =4.5x 1075 eV.
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FIG. 9. The time evolution of &; and é&s for the case of Ri10 = 80.0, my/m; = 25/24 and

n1 = ng = .5. Here nl;%z_;n,o =7.7%x103 s ! and T||0 =4.5x 107° eV.
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FIG. 10. The time evolution of TLl,TLQ and TII for the case of k11,9 = 80.0, ma/m; = 25/24, and

n1 = ng = .5. Here nl_)%@n,o =7.7x%x103 s and T||0 =4.5x 1075 eV.
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FIG. 11. The time evolution of &; and dy for the case of K110 = 80.0 and |R21,0 — Ri2,0| = 24.7.

Here mo/my = 1.4, ny = nig = .5, nl;(%@ll’o =7.7%x10% s~ ! and Tjjo = 4.5 x 1075 eV.
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FIG. 12. The time evolution of TM, T, 5 and Tll for the case of k11,0 = 80.0 and |R21,0—FR12,0| = 24.7.

Here mo/mi = 1.4, ny = ng = .5, nl_)gq_)lLO =7.7x10% s ! and Tjjo = 4.5 x 1075 eV.
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IV. DISCUSSION

The analysis of Section III assumes that the ion plasma is immersed in a uniform neutral-
izing background charge. For the case of a single species ion plasma, a laboratory realization
of this simple theoretical model is a pure ion plasma in a Malmberg-Penning trap'”. Rotation
of the plasma in the uniform axial magnetic field of the trap induces a radial electric field
and a radial centrifugal force that can be thought of as arising from an imaginary cylinder of
uniform neutralizing background charge!®!8. The Gibb’s distribution for the magnetically
confined single-species plasma differs only by rigid rotation from that for a plasma confined

by a cylinder of neutralizing charge'*!8.

However, there is a caveat to this equivalence for the case of a pure ion plasma with differ-
ent mass species. The rotation can give rise to centrifugal separation of the species®1%29. A
parameter that determines the degree of separation is the quantity w?|my — m1|r§ /Tjj, where
w is the plasma rotation frequency and 7, is the radius of the cylindrical plasma column.
We assume that this quantity is small compared to unity so that centrifugal separation is

negligible and the equivalence is preserved. Note that w varies inversely with magnetic field

strength'!, so small w?|my — my|r2 /T can be consistent with strong magnetization.

For a plasma in a Malmberg-Penning trap, the Hamiltonian H and the actions Z;, are to
be interpreted as the Hamiltonian and actions in the rotating frame of the plasma. To be
precise, the actions are defined in the local drift frame?!, but for the plasmas of interest, the
difference between the local drift velocity and the local plasma velocity (i.e. rw) is negligibly

small, that is, small compared to the thermal velocity.

Another caveat concerns the statement of conservation of kinetic energy in Eq. (63). In
some experiments heating processes have rates that are comparable to the rate at which the
ay’s relax. If the heating process is understood and the rate can be quantified in a formula,
the heating rate should replace the zero on the Left Hand Side of Eq. (73). Alternatively,

7 and

one can proceed empirically and measure T (t), say using Laser Induced Fluorescence'
then use Eq. (63) to determine the evolution of 7' ;(t) and T'15(t), or equivalently of a4 ()
and as(t). Of course, the relaxation of the a’s can occur on two timescales, and it may
be that the heating is negligible for the relatively rapid relaxation of ay(t) and as(t) to a
common value, but not negligible on the longer timescale where that common value relaxes

to zero.
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Finally, there is the question of how the theory should be generalized for the case of
three or more isotopic ions. In the discussion following Eq. (63), we noted that this can
accomplished by summing the Right Hand Side over k&’ for &' # k. In terms of scaled
variables, one can sum over k' for subscript &’ # k on the Right Hand Side of Eq. (68).
Note that subscript & is also implicitly hidden in the expressions (69) and (70) for G and
K. Eq. (68) then provides k equations for the T' ;. Also, Eq. (73) for conservation of
energy must be modified by summing over terms for each T';,. This generalization is valid
because we keep the assumption of the dominance of uncorrelated binary collisions, among

particles of all the k£ species.
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Appendix A: Evaluation of integrals A; and A,

In this appendix, we evaluate the integrals

(e.) d o - 9
A1 (R) :/0 ;U/O 773d77f12(%,?7)6’“ 2 (A1)
M) = [ o [ nangi e (A2)
where
o d
Ao = [~ R (43)
[ cos(kE)dE B 3n?
ren = [ g aept - e o) Ay
Here, () satisfies the differential equation
GV + e =1 (A5)

e’ + ()
where £ = is chosen so that ¢%(€) is even in €. This is the case when ¢2(0) = max (0,1 —n?).
Also, note that in Egs. (A3) and (A4) & stands in for k = &/0>.

For large R, the integrands in Eqs. (A3) and (A4) involve the product of a rapidly

oscillating function and a slowly varying function, and efficient evaluation of such integrals
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can be effected through analytic continuation. Following the earlier work of O’Neil and
Hjorth?, we define x = \/n? + ¢2(€), which satisfies the differential equation

d_x: /T — /T +nvae —1 (A6)
d& T\ —X ’

where z(§ = 0) = max(n,1). In the square roots of Eq. (A6), the branch cut for any
function \/w(z) is taken along argw(x) = 0. The Right Hand Side of Eq. (A6) then has
branch cuts for z < —n, 0 < x < min(n, 1) and x > max(n, 1).

We first consider the case where n < 1, that is, where there is reflection. The case of no
reflection (n > 1) follows similarly. For n < 1, the branch cuts are indicated by the thick
solid lines in Fig. 13(b). As & moves from —oo to oo along the dashed contour in Fig. 13(a),
x(§) moves along the dashed contour in Fig. 13(b), reaching the turning point z = 1 at
€ =0, ie. z(0) = 1. Because (&) is even in ¢, the integrals in Eqgs. (A3) and (A4) can be

rewritten as

xp(1kE€)d
fl(’ivn) :/0%7 (A7>
e\ d 9
i - oty z
i 30 ]
4j ] 27 ]
2 1 g ,
o X e
E 0 T CE YT T T -
2! 1 —1j 1
I _2r ]
—4r ] i
L _30 ‘ ‘ ‘ ]
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FIG. 13. Path (dashed curve) of the original contour in &-plane (a) and z-plane (b). Branch cuts

are denoted by thick solid lines, and in this figure, n = 0.5.

The goal here is to analytically continue the {-contour so that the integrands themselves

exhibit the exponentially small value of the integrands, so we push the &-contour toward
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positive imaginary values. The deformation can continue until the (&) contour collides with

the branch cut ending at x = n as shown in Figs. 14(a) and 14(b).

M L1 2 —:

L | | L N ]

2f !_ml ] 1r \ ’

& [ < \ 1
E 9 L E° / z
ol h -1r // ]
2: ] 4 1

I ] -2 - ]

_4j ] :/// ]

L L L L L Il L L L L Il L L L L Il L L L L 11 —3; L L L L Il L L L L Il L L L L Il L L L wT’

-10 -05 00 05 1cC -1 0 1 2 3

Re(¢) Re(x)

FIG. 14. Path (dashed curve) of the deformed contour in &-plane (a) and z-plane (b). Branch cuts

are denoted by thick solid lines, and in this figure, n = 0.5.

During the deformation, the turning point moves from x = 1 to x = 7, and &-image of

the turning point moves from £ = 0 to

1 2/3
§=ig(n) =1 v

where use has been made of Eq. (A6). The two points around which the z-contour loop

(A9)

are the images of x = 0 approached from opposite sides of the branch cut between z = 0
and x = 7. From Eq. (A6), we see that the coordinates of these two points in the complex
&-plane are € = ig(n) £ r(n), where
K x23dx
r(n) = :
o V1I—xzy/n?—2?

There is a branch cut between the two points in the function x(§).

(A10)

Since the singularities of the integrands in Egs. (A7) and (A8) involve more than just
isolated poles, the integrals cannot be expressed as the sum of residues. Nevertheless, for
sufficiently large k, one can see that the integrals are of order exp[—g(n)k], that is, one
obtains the asymptotic forms f;(k,n) = h;(k,n) exp[—g(n)k] quoted in Egs. (20) and (21)
of Section II. Here, the quantities h;(k,n) are neither exponentially small nor large, and for

small 7 are given by* h;(k,n) ~ 87k/9.
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The integrals also are evaluated by numerically carrying out the &-integral along the
deformed contour in Fig. 14(a). Fig. (1) of Section II shows a comparison of the numerical

and asymptotic evaluations of fi(k,n =0) = fo(k,n =0).

0870
0.865
~ 0860}
el [
= 0855
0.850
0.845

0840L N
000 002 004 006 008 0.10

g -3

FIG. 15. Curve fitting of g(n) against 7, showing that g(n) — g(0) ~ O(*/?).

Returning to an evaluation of integrals (A3) and (A4), we first note that g(n) is an
increasing function of n. Thus, for sufficiently large values of K, only small values of 7
contribute to the integrals, and we may use the approximation h;(x,n) ~ h;(k,0) = 87k /9,
or hj(k/o®,n) ~ h;j(k,0) = 87k/(90?). Also, for small values of 7, one can see by curve
fitting that g(n) ~ 7/2 + An*/?, where A = 0.874 (see Fig. 15). The integrations over 7 can
then be carried out in Eqgs. (A3) and (A4) yielding the integrals

_ 8 R2 2 8 & —62/2 —mi)od

Ay (k) = (g)QW ' §F(§)/O doge " P ™7 (A1)
_ 8m K? 2 4 [~ 02/9 i)

AQ(I{,) = (5)2W . gr(g)/ov dooe 2/26 / 3. (A12>

The o-integrals in these two equations are identical and involve the product of an ex-
ponentially decreasing function, exp(—oc?/2), and an exponentially increasing function,
exp(—7k/c?). Evaluating the integrals by the saddle point method yields the large &

asymptotic formulae

A1(R) = 3.105 /15 5BTR)*/7/6, (A13)
Ag(R) = 3.87R13/155(3TR)*2/6 (A14)

Numerical evaluations of A;(&) and Ay(&) have been carried out for a series of & values.

At each of these values, the quantities h;(</0%,n) are evaluated for an array of (o,7n) values
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using the analytic continuation described earlier. The integrands are peaked near some
values (0g,n0), and the (o,n) integrands are evaluated by choosing (o, n) values near the
peak and smoothly interpolating the integrand between these points. The results of the
integration are given for a series of % values in Table (I) and (II). Also, Figs. (16) and (17)

show a comparison of the numerical evaluations (dots) and the asymptotic formulae (solid

curves).
TABLE I. Numerically integrated values of A;(r) for different values of &

R Ay (F) K Aq(R)

5 0.222 200 5.06 x 1078
10 5.06 x 1072 300 6.92 x 10710
20 7.71 x 1073 500 1.29 x 10711
50 241 x 1074 700 2.89 x 10713
100 5.95 x 1076 1000 3.15 x 1071

TABLE II. Numerically integrated values of Ag(%) for different values of &

5 Ao (R) I Ao (R)
0.01 3.250 20 2.837 x 107!
0.05 3.230 50 3.074 x 1072
0.1 3.201 100 2.338 x 1073
0.7 2.850 200 4.989 x 107°

2 2.419 350 1.685 x 1076

6 1.251 500 4.195 x 1078

10 7.523 x 107!

We can compare our results with previous work. If we consider equipartition of a strongly
magnetized single-species plasma, where n = n; and n, = 0, T'\; equilibrates with Tj

following the rate equation

dt

where I(R11) = vV2mA1(R11)/8 from Eqn. (63). The function /(%) was evaluated in the work

= (T} — T11)71b*o11 1 (Ran), (A15)

of O’Neil and Hjorth? and Glinksy et. al®. In Fig. (18), numerical values of (%) in our
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FIG. 16. Numerically integrated values of Aj(<) (dots) and its asymptotic graph (red line).
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FIG. 17. Numerically integrated values of Az(%) (dots) and its asymptotic graph (red line).

work are plotted as points together with values obtained by Glinsky et. al. using Monte
Carlo simulations. The different sets of values follow very close trends. Furthermore, in the

limit of large %, O’Neil and Hjorth obtained an asymptotic formula for I(%)
5
I(R) = 0.47r~Y/° exp[—6(3m%)2/5], (A16)
while the asymptotic formula from Glinsky et. al. is

I(R) = (1.83%~7/15 4+ 20.9511/15 4 0.347513/15

5
+87.8519/1% 4 6.68717/1%) exp[—6(37ﬂ%)2/5]. (A17)
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From Eqn. (A13), our version is
I(R) = 0.97R /15 exp[—g(?m/?;)z/5]. (A18)

Our asymptotic formula is an improved version of the work of O’Neil and Hjorth. We

3/2 a5 the lowest-order non-constant term, which is more accurate

approximate g(n) with 7
than n? in the work of O’Neil and Hjorth. However, we believe the result from Glinsky et.
al. is even better, since their work investigated the cyclotron motion in much greater detail.
In the same Fig. (18), we plot the graphs of the three asymptotic expressions together with
the points of numerically integrated values mentioned above. All the plotted graphs and

data points show the similar exponential decrease of (&) with increasing k.

0.1:
1074 L

10—7 L

I (k)

10~ 10|

10~ 13|

10- 16|

5 10 50 100 500 1000

K
FIG. 18. Numerical values and asymptotic graphs of I(k). Solid triangles correspond to our
calculated values. Empty circles and squares are values calculated by Glinsky et. al. using
two different sets of Monte Carlo simulations®. The solid line is the graph of our asymptotic

expressions. The dashed and dot-dashed curves corresponds to the asymptotic expressions from

O’Neil and Hjorth and Glinsky et. al. respectively.
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