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A kinetic theory of linear electrostatic plasma waves with frequencies near the cyclotron frequency
Q. of a given plasma species s is developed for a multispecies non-neutral plasma column with
general radial density and electric field profiles. Terms in the perturbed distribution function up to
o(1/ Q(z,v) are kept, as are the effects of finite cyclotron radius 7. up to O(r?). At this order, the
equilibrium distribution is not Maxwellian if the plasma temperature or rotation frequency is not
uniform. For 7. — 0, the theory reproduces cold-fluid theory and predicts surface cyclotron waves
propagating azimuthally. For finite r., the wave equation predicts that the surface wave couples to
radially and azimuthally propagating Bernstein waves, at locations where the wave frequency
equals the local upper hybrid frequency. The equation also predicts a second set of Bernstein
waves that do not couple to the surface wave, and therefore have no effect on the external
potential. The wave equation is solved both numerically and analytically in the WKB
approximation, and analytic dispersion relations for the waves are obtained. The theory predicts
that both types of Bernstein wave are damped at resonances, which are locations where the
Doppler-shifted wave frequency matches the local cyclotron frequency as seen in the rotating
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. INTRODUCTION

This paper considers linear plasma waves near the cy-
clotron frequencies of a multispecies ion plasma column
with near-Maxwellian velocity distributions. We focus on
the z-independent component of the plasma response in the
electrostatic (non-relativistic) limit, in order to simplify the
analysis and make connections to experimental systems that
measure this component. A broad range of devices use the
electrical signal induced by this plasma response in order to
diagnose the charge to mass ratio and/or the relative concen-
tration of plasma species' (via the technique of “ion-
cyclotron mass spectrometry”). While most of these devices
work in the low-density regime where plasma effects are
small, cyclotron frequency shifts universally arise from elec-
tric fields that can originate either from the plasma or poten-
tials applied to electrodes, as will be discussed here.

Previous papersz’3 have described theory of the electro-
static plasma response near the cyclotron frequency, in the
low temperature “cold-fluid” limit, where thermal effects are
not included. It was found that the cold fluid plasma response
is peaked at frequencies associated with surface cyclotron
waves—electrostatic plasma waves that propagate azimu-
thally along the surface of the plasma column as
exp(il0 — iwt), with azimuthal mode number ¢ and fre-
quency o near the cyclotron frequency Q. = ¢B/mc for a
given species s. The difference between o and €. arises
from a Doppler shift and a Coriolis force effect due to
plasma rotation, and from plasma effects proportional to the
density n, of species s. The frequency w can then be used to
diagnose the plasma rotation frequency, the density of the
species, as well as the cyclotron frequency (which deter-
mines the charge to mass ratio of the species, the main inter-
est in mass spectrometry).
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In other work,*® effects of finite temperature were also
considered. It was observed that electrostatic Bernstein
waves can be excited in addition to the cold fluid surface
waves. These waves propagate both radially and azimuthally
within the plasma, with frequencies that depend on the cy-
clotron frequency, as well as the plasma density and temper-
ature 7, which enters through the cyclotron radius
re = +/T/mg/Q.,. An approximate dispersion relation for
the Bernstein waves was derived in Refs. 5 and 6, based on
WKB analysis.

In this paper, we present a theory of the plasma response
near the cyclotron frequency, which describes both the sur-
face cyclotron waves and the Bernstein waves in the regime
w,/Q., < 1, where w), is the plasma frequency. A wave
equation for the perturbed plasma potential is derived assum-
ing r./L < 1 and kr. < 1 (where k is the wavenumber of
the response and L is the radial scale length of the equilib-
rium plasma), which includes both the surface cyclotron and
Bernstein waves as solutions. This equation is solved
numerically, as well as through the WKB approximation,
which is valid provided kL > 1, and we extend this WKB
solution through to the regime kr. = 1.

The Bernstein waves are reflected at locations where
their frequency equals the plasma’s upper hybrid frequency
and can then set up normal modes inside the plasma column.
We find that the dispersion relation for the Bernstein normal
modes is modified from the qualitative result of Ref. 6 due to
linear mode coupling between these modes and the electro-
static surface cyclotron waves. This coupling also allows the
Bernstein modes to be observed via their effect on the exter-
nal electrostatic potential, which can be picked up using
electrodes. An expression is derived for the electrode signal,
which can exhibit peaks at the Bernstein mode frequencies,
consistent with experiments.’ (Previous theory could not

© 2013 AIP Publishing LLC
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explain this phenomenon.) This effect is similar to the linear
mode coupling between electromagnetic waves and
Bernstein waves that is known to occur at the upper hybrid
resonance in neutral plasmas, of importance to cyclotron
heating and current drive in magnetic fusion applications.”'°
We also find a second set of Bernstein modes that do not
couple to the surface cyclotron waves. These modes are in-
ternal to the plasma, having no effect on the external
potential.

To derive the wave equation, we must first derive sev-
eral new results for the cylindrical plasma equilibrium. First,
in Sec. II, we solve for charged particle motion in the equi-
librium radial electric field of the plasma, keeping finite cy-
clotron radius effects, which are necessary to describe the
finite-temperature Bernstein modes. In so doing, we obtain
finite electric field and finite cyclotron radius corrections to
the particle cyclotron frequency and the drift rotation fre-
quency. Next, in Sec. III, we obtain a closed-form expression
for the collisional quasi-equilibrium velocity distribution of
the rotating plasma, for given density, temperature, and ra-
dial electric field profiles, keeping finite-cyclotron radius
effects. The system evolves to this quasi-equilibrium distri-
bution due to collisions between the plasma charges. The
distribution deviates from Maxwellian due to radial varia-
tions in the plasma rotation frequency and temperature;
eventually on a longer “transport” timescale, these variations
are wiped out by viscosity and thermal conduction, but dur-
ing an intermediate timescale between the collision time and
the transport time, they are present and affect the velocity
distribution.

Next, in Sec. IV, we derive a general dispersion relation
for linear electrostatic waves on this near-Maxwellian quasi-
equilibrium by linearizing and solving the Vlasov equation
with an added Krooks collision operator. The solution is
obtained for general radial density, temperature, and electric
field profiles. In Sec. V, we focus on the plasma response for
z-independent perturbations near the cyclotron frequency of
a given species, deriving the aforementioned wave equation,
which keeps terms to first-order in kzrf,. In Sec. VI, we
review the cold-fluid theory of solutions to this equation (the
ro — 0 limit), discussing the surface cyclotron waves that
are predicted to appear under various scenarios. In Sec. VII,
we add finite temperature and in Sec. VIII, we consider
WKB solutions to the wave equation. In Sec. IX, we consider
the behavior of the WKB solutions for a few examples.

Il. PARTICLE ORBITS

Consider the orbit of a particle with charge *¢ and
mass m in a uniform magnetic field +BZ and a cylindrically
symmetric potential ¢,(r). Here, ¢ and B are positive-
definite quantities. For positive (negative) charges, we
assume a magnetic field in the —(+)z direction, so that vari-
ous frequencies (cyclotron, drift rotation) are positive for ei-
ther sign of charge; i.e., the resultant circular motions
associated with each frequency are counter-clockwise when
viewed from a location on the z axis above the orbit. The
Hamiltonian for this particle, expressed in cylindrical coordi-
nates (r,0,z), is
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where p, = mr,pg = mr2(9 —Q./2), andp, = mz are the
momenta canonically conjugate to r, 0, and z, respectively,
and Q. = gB/mc is the “bare” cyclotron frequency of an iso-
lated particle. Note that ¢, has units of potential energys; it is
q times the electrostatic potential. This potential can arise
from voltages applied to cylindrically symmetric electrodes or
from a cylindrically symmetric equilibrium distribution of
plasma charges, which produces a “mean-field” equilibrium
potential. In this case, H is the mean field Hamiltonian for the
motion of a charge in the static field produced by the other
charges. However, ¢ (r) can also arise from the interaction of
a charge with its own image in the cylindrical electrodes of
the trap, even in the absence of other charges.'' This image
charge potential is typically weak compared to other poten-
tials and is often neglected, but it should be kept in high-
precision work.'? For example, for a point charge ¢ at radius r
within a hollow cylindrical conductor of radius r,,, this image
potential is most easily expressed as an integral:

) 2 % At .
;)mage(r) _ 617 %J dxlf (XL> K((X) )
0

Tw A~ rw) Lo(x)

where I, and K, are modified Bessel functions. Expressions
for the image potential for other electrode geometries, both
cylindrically symmetric and asymmetric, can be found in
Ref. 11.

The Hamiltonian given in Eq. (1) is separable, with three
constants of the motion py, p,, and H, = H — p2 /2m. We
will find it useful to replace the constant H, by the action
nw= ﬁ j; prdr, where the line integral is performed along the
closed radial particle orbit. Since p, can be expressed as a
function of H,, pg, and r via Eq. (1), this implies
w = p(H,py). Inverting this relation yields H, = H, (u,py),
the perpendicular Hamiltonian written in terms of the action.

When the magnetic field is large, this transformation can
be accomplished perturbatively in an expansion in 1/B via
Hamiltonian perturbation theory. This expansion requires
that the cyclotron frequency associated with radial particle
oscillations is large compared to the other motional frequen-
cies, in particular the “drift” frequency associated with 0
motion in the radial electric field. As a corollary, this also
requires that the spatial scale length of the electric field, £,
be large compared to the cyclotron radius, so that we can
perform Taylor expansions of the field around the guiding
center position. (This latter requirement is sometimes vio-
lated in cyclotron mass spectrometry, where large amplitude
cyclotron motion can be driven by external fields.) The
result, good to order 1/ B* is

EEXro)  &'E(ro) g€
H i (u,po) = uQ(ro) + ¢o(ro0) +
1 (1,p9) = 1Q(r0) + o (ro) Qg

15E(I‘0) ISE/(V()) E”(I‘o) 1 "
220 22 -5 —E
8 (2 P o 2f o)

+0(%), (3)




042120-3 Daniel H. E. Dubin

where ¢ is an ordering parameter used to keep track of the
order in 1/B of different terms, primes denote derivatives
with respect to r, E(r) = —0¢,/0r, and ro(pg) is the radial
location of the effective potential minimum, i.e., the mini-
mum of ¢o(r) + (po + gBr?/2c)* /2mr2, as given by the so-
lution to

R* = 1§ — 4E(ro) 1y /mQ2, 4)

where R = +/—2pyc/(¢B), a constant of the motion (the

lowest-order guiding center radius). The shifted cyclotron
frequency Q(ro) is given by the (exact) expression
3E(I”Q) E/(I‘O)

Q*(rg) = Q — . 3)
mro m

Note that the action p appearing in Eq. (3) is of order ¢. In
fact, this equation implies that to lowest order in e,
s smvi /29, the well-known expression for the cyclotron
action. Also, Eq. (5) shows that the cyclotron frequency is
shifted by the radial electric field. In experiments with low
plasma density or even single particles, the shift arises pre-
dominantly from applied trap potentials and/or image charges.
In this paper, we obtain frequency shifts to collective plasma
modes (as well as single particle frequencies), including
plasma effects, applied potentials, and image charges.

The transformation from (r, p,, 0, py) to the action-angle
variables (/, i, 0, pg) used in Eq. (3) can be carried out with
generating functions W, and W, where'?

Wo = pe0, (6)

W’(rnuap()) = Jpl‘(raHLap{))a (7)

and we have used H, = H (i1, pg). These generating func-
tions relate the new and old coordinates via

0 ow,
W :a—M(W,.+W9) :87’“(’;#7[79)- ®)

Inverting, this yields
r=r(y, 1po) = ro+0r(¥, 1, po), ©)

where the second form is actually a definition of Jr, the devi-
ation of r from ry due to finite cyclotron radius effects. Also,
we have

— d ow,
= r = " W ) 1
0 ape(w +Wy) =0+ o (r, 1, po) (10)

which we can rearrange as
0 =0+ 60(y, 1, po), (11)

where

oW,
00(W, 1, py) = *%("(%M’Pe%#me)- (12)
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Perturbation analysis, described in Appendix A, provides us
with explicit expressions for o and d0:

or = Z &"Ar,(p, ro, €)cos my, (13)
n=0
80 =) &"Aby(p, o, €)sinnip. (14)

n=1

Here, Ar, and A0, are given as power series in ¢ up to O(&*)
in Table 1, and p? = 2u/mQ.. The parameter p is, to lowest
order in 1/B, the radius of the cyclotron orbit. The coefficient
Ary is the radial change in guiding center position due to fi-
nite cyclotron radius effects. Note that for n > 1, both Ar,
and A0, enter or and 60 at O(&").

The inverse of these transformations can also be written
as power series in ¢. In particular, p(r, v, vy) is given by

ViH+ve o E(r)

u=cem 20, SVOQ—§+£3
" mv3(E(r) + 3rE'(r)) + mv2(3E(r) + rE'(r)) + 2rE(r)*
4mrQ2?
+0(Y). (15)

The Hamiltonian of Eq. (3) implies that the angle varia-
bles 0 and 1, and the coordinate z evolve in time according
to

ay  OH,
E—a—#—g(ro,ﬁ)y (16)
do  oH, _
E—%—wo(mﬂ% (7
dz OH p,
¢ _ _ Pz 1
d  Op. m’ (18)

where the frequencies QQ and @, are given by the series
expressions

TABLE I. Orbit coefficients in Egs. (13) and (14).

n Ary

0 - o () + o)
1 p+sz<%l_[%:+;§% %%'F%E("O))) +0(e*)

) ~ B+ (35 - SE (R + 150 4 LE(r)) + O()
3 %JFO(SZ)

4 —&§+0(82)

" A,

! £ 0 (g £ + o)

3 %+0(82)

4 —%—0—0(32)
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o), (19)
_ ( ) di‘o 8]’1
o (7 =——
olro, P dpo dro o
Bwg(ro)’ &p?
= SCL)E(’()) + QL. - 4mQ(.r0
E E'
% (3 (;0)_3 (rO)_E/I(rO)> +0(£5)7
U ro
(20)
and where
E(ro)
0) = 21
wg(ro) s 2D

The drift rotation frequency g is, to lowest order in
1/B, given by the E x B drift rotation frequency wy in the ra-
dial electric field. The second term in Eq. (20) is a correction
due to centrifugal force, which acts as an extra radial force
that causes an F x B drift in the O-direction. The terms pro-
portional to p? are finite cyclotron radius corrections to the
rotation rate.

The cyclotron frequency Q also has finite cyclotron ra-
dius corrections. However, when comparing this expression
to previous expressions for the cyclotron frequency in the
presence of an electric field,'* it is important to remember
that here the frequency is derived as the rate of radial oscilla-
tions, which is not the same as the cyclotron rotation rate
with respect to fixed Cartesian axes since the direction of the
radial unit vector varies in time as the particle moves in 0.
Thus, single particle resonances can be shifted from the cy-
clotron frequency Q by (multiples of) the rotation frequency
@o. In fact, when subjected to external fields varying in r, 0,
and ¢ as 5¢(r)e™ ", we will see that particles can absorb
energy resonantly when the applied fields are at the frequen-
cies @ = nQ + €@, for any integer n. The resonant interac-
tion with n=1 at a frequency near Q is typically the
strongest resonance and is the main effect observed in ion-
cyclotron mass spectrometry for low density systems.
However, for higher densities, there are collective electro-
static plasma waves that can be excited. These collective
excitations are the subject of the next sections.

One type of system for which these frequency formulae
simplify is the harmonic trap where to a good approximation
(and neglecting z dependence, valid for particles moving in
the z=0 plane), ¢(r) o r2. Then, the finite cyclotron radius
corrections to Q and @, vanish in Egs. (19) and (20), and
these frequencies are independent of radial position, which
simplifies the analysis. This is one reason why harmonic
traps are often preferred in ion-cyclotron spectrometry appli-
cations. (For a harmonic trap, our frequencies Q and @ are
related to the standard harmonic trap frequencies w, and

w_," via the formulae wp=w_ and Q =w,; —w_.) Of
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course, even in traps designed so that the vacuum field is har-
monic, effects such as plasma space charge and image
charges can add anharmonic corrections to ¢, necessitating
inclusion of the frequency corrections described by Eqs. (19)
and (20).

lll. EVOLUTION OF THE DISTRIBUTION FUNCTION

We assume that the particle distribution f(r,v,?) for a
single species plasma evolves according to the Boltzmann
equation

of

q
ot Vf—i—m<E+

vxB\ of
)L e @

where C is the 2 particle Boltzmann collision operator.

We first consider the cylindrically symmetric quasi-
equilibrium distribution predicted by Eq. (22). Neglecting
collisions, the collisionless Boltzmann equation has time-
independent solutions of the general form

f = folu, po, p-) (23)

since u, pg, and p, are constants of the collisionless motion
described by Eq. (1). Any function of these constants of the
motion is a collisionless (Vlasov) equilibrium. However,
when collisions are taken into account, this distribution
evolves on the timescale of the collision rate to a quasi-
equilibrium near-Maxwellian distribution whose dependence
on the constants of motion is determined by the collision op-
erator.'® However, the temperature, density, and rotation rate
of the equilibrium can have arbitrary radial dependence.
[This quasi-equilibrium then proceeds to evolve in time on a
slower “transport” timescale due to radial fluxes driven by
gradients in the plasma rotation frequency and the plasma
temperature, toward a thermal equilibrium state with no such
gradients. We neglect this slow evolution here.] The deriva-
tion of the quasi-equilibrium distribution function is outlined
in Appendix B. Assuming that the temperature gradient is of
order &> while density and rotation frequency gradients are
of O(1), the quasi-equilibrium is, to O(&*),

N(R)
@nT(R)/m)*?
— uQ:(1/Tu(R) — 1/T(R)) + O()}, (24)

Jae(tt;po.p:) = exp{—H/T(R)

where R = \/ —2po/mQ,. = \/ r2 —2rvg/Q. is the lowest-
order guiding center radius [see Eq. (4)], the function N(R) is
related to equilibrium density n(r) and potential ¢ (r),

N(R) = n(R) exp{[¢o(R) — 1/2mR*}(R)]/T(R)}, (25)

the cyclotron temperature T,(R) is related to the parallel
temperature 7(R) through

2
sRawr) 26)

T.(R) = T(R) (1 + 30 oR

and o, (R) is the fluid rotation frequency, defined as
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ra(r)o,(r) = Jd3v Vofge- 27)

[Note that in these velocity integrals, r is held fixed, not R.
The expression for f,, given in Eq. (B25), while less elegant
than Eq. (24), is easier to integrate over velocities.]
Performing the velocity integrals yields the following
expression for , up to O(&3):

e 10
o) = |2 2 W) + £ + 6
op T (ron Noo, T Po
Q. 2mQ§r nor or Zsz or?
+0(). (28)

The lowest order fluid rotation frequency in Eq. (28) is the
familiar expression for diamagnetic and E x B drifts.'” The
O(&®) corrections are due to centrifugal force (the first term)
and thermally averaged finite cyclotron radius corrections
due to shear in the fluid rotation (the 2nd and 3rd terms).
Although m, appears on both sides of this expression, to
O(&?) one can use the lowest-order drift expression for o, on
the right hand side to obtain an explicit expression for w, in
terms of density, potential, and temperature.

When T and o, are uniform (independent of r), Eq. (24)
reduces to the thermal-equilibrium form

No —H/T+w,py/T
fe = — ¢ [T+o.pe , (29)
“ 2T m)*?
where Ny is a constant. This can be seen by noting that,
when o, and T are constant, Egs. (25) and (28) imply that

T ON
mQRNOR ~ " G0
which implies that in thermal equilibrium, N(R) = Noe®?/T.
When applied to Eq. (24), this leads to Eq. (29).

However, when T and/or , are not uniform, Eq. (24) is
not a Maxwellian distribution due to the dependence of R on
vy. Collisions drive the system “as close to a Maxwellian as
possible” when variations in w, and T are present. The non-
Maxwellian nature of f,, is responsible for the difference
between cyclotron temperature T, and parallel temperature
T. With the definition of T, given by Eq. (26), the mean ki-
netic energy per particle in each degree of freedom, as deter-
mined by velocity integration over f,., is given by

2.
) =10) (1435 5+ 06 ). 6D
2.
(m(ve — w,r)?) = T(r) (1 - ;Q’.a(;z" + 0(84)>, (32)
and
{mv2) = T(r). (33)

Thus, the mean transverse thermal energy (1/4m(v?
+(vg — w,r)?)) is equal to the mean parallel thermal energy
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(mv?/2). This is required in quasi-equilibrium; otherwise there
will be equipartition of parallel and perpendicular thermal
energy on a collisional timescale. (Note that the differences in
mean radial, axial, and azimuthal thermal energy could, in
principle, be observed using, say, laser doppler diagnostics.)

IV. GENERAL DISPERSION RELATION FOR LINEAR
WAVES

We now consider small perturbations Jf;(r,v,7) of
fs(r,v,t) away from the quasi-equilibrium f,, given by Eq.
(24). Here, we re-introduce a species label s for species with
mass my and charge ¢,. The perturbations are described by
linearization of the multispecies version of the Boltzmann
equation, Eq. (22). For simplicity, we use a simple Krook
collision operator of the form C = —v(f; — f,., ). Substituting

Is = g, + ofs(r, v, 1) (34)
and

¢ = ¢o(r) +0(r,1) (35)
into Eq. (22) and linearizing, we obtain

Of ye, 06D n Ofye, 06D Of o, 06D

d
Eéﬁ+l’6fs_ ouw O ' dpy 90  dp. 0z (36
where
d 9 E(r) . o
E_E_FV.V_F(T;—VXZQG)-E 37

is a derivative taken along the orbit of the Hamiltonian of
Eq. (1). The right-hand side of Eq. (36) is written in terms of
action-angle variables.

Next, we Fourier analyze Jf and 6@ in 0, z, and ¢, writ-
ing these functions as

of(r,v, 1) = 6F(r,v) o0 +ikz—iot (38)
and
5(1)(1.7 [) _ 5¢(,) el[G‘Hk;Z*iwI. (39)

Applying Egs. (9) and (11), we define
Sp(ro +0r) €™ = > Ady,(po, )™, (40)

where the A¢,, are the Fourier coefficients of the left-hand
side, which is periodic in ¥ [see Egs. (13) and (14)]. We may
then integrate Eq. (36), obtaining

ezl@+zk:z—l(ut5FX (’,’ vy, Vo, Vz)

> - Ofge | . Ofge ., Ofge
=Y a ’ oy
Z Gon(Po, 1) (m o +il s + ik. 8pz>

n=—00
t

o J di ) k() i) @n

—00



042120-6 Daniel H. E. Dubin

where y(7),0(¢), and z(') are determined by the equations
of motion (16)—(19)

Y() = o + Qulro, ) (1 = 1), (42a)

0(') = 0o + o, (ro, p) (1 — 1), (42b)

z({)=z4+v.(f —1). (42¢)

Here, the constants of integration y, and 0y and the constant
of motion p are determined in terms of 7, 0, v,, and vy by the
conditions

0o + 60(g, 10, p) =0, (43)
r()+5r(lﬁ0,ro,p) =T, (44)
57;(1%371‘0,/)) =Vr. (45)

Equations (44) and (45) determine v, and p using Egs. (4)
and (13), and then Eq. (43) determines 6. Note that no equa-
tion for vy is necessary since vy is determined in terms of r
and py by pg = mvor — qBr2/2c. Of course, p is also deter-
mined by r, v,, and vy via Eq. (15).

Using Eqgs. (42) in Eq. (41), the time integral can be per-
formed, yielding

OFy(r,ve,va,v) = Y e WA g, (py, )

8f Gl qes 9. ges af e,

"“ou " op T op,
an(ro,p)—i—Ewot(io, Ytkv,—o—iv
(46)

The resonant denominator in Eq. (46) provides an expression
for the frequency w at which there is a strong wave-particle
resonant interaction, as we discussed at the end of Sec. II.
Finally, the dispersion relation for d¢ is obtained by
substituting Eqs. (38) and (39) into Poisson’s equation

19 65¢( (P, )
r 8r or (r_2 +k)od(r)
= —4ne22 Jd3v OF(r,v,,vg,V;). 47)

This integro-differential equation for d¢ can be solved sub-
ject to the boundary conditions on d¢. With regard to Egs.
(46) and (47), we note that the derivatives with respect to u
and py are easiest to evaluate using the form of f,, given in
Eq. (24), but the velocity integrals are easiest to evaluate
using the equivalent form given in Eq. (B25).

V. CYCLOTRON MODES FOR SPECIES s

We focus on z-independent cyclotron modes, assuming
k, = 0. There are cyclotron modes near multiples # of the cy-
clotron frequency for each species. In this paper, we consider
only the modes for which n = 1, near the cyclotron frequency
Q.. of species s, with v = Q. + O(¢). Substituting Eq. (24)
[or Eq. (B25)] for f,., into Eq. (47), expanding the integrand
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in ¢, and carrying out the velocity integrals, we keep enough
terms in the series expressions so that finite temperature cor-
rections to the dispersion relation are obtained. These correc-
tions enter at O(¢?), so, noting that @ = O(g) and
Ay, = O(e") for n # 0, analysis of Eq. (47) implies that
terms in the sum over 7 in 6F can be dropped only for |n| > 2
that f,,, must be evaluated including terms up to O(¢’) and
that A¢,,, must be evaluated up to O(&*). The perturbed den-
sity for species s can then be evaluated by performing the ve-
locity integral over 0F

Jd3V5F_Y = onp,(r) + onr,(r), (48)

where onp (r) is the T=0 “cold fluid” density response to
the perturbed potential d¢, and onr, (r) is the T > O thermal
correction. The cold fluid density perturbation can also be
derived directly to all orders in & from fluid equations® and
has the form

dng*ong (1)

Ly (1) (Qus — rody ()3 (r) + U(0> + iv)og/r
e (@ ek () - (& + i)’

1o [mz I B/ + (& + iv)od (r)

oror |0, (Qy, = rof, () = (@ +iv)?]

(49)

where & = ® — fowp,(r) is the Doppler-shifted frequency,
Q,, = Q. — 20, o (r) = 4ngins(r)/my is the square of
the species s plasma frequency, and wr (r) is the cold-fluid
rotation frequency given by the solution to the equation

20F,(Q, — 0p,) = Zsm_’%_(_n), However, the velocity inte-

gral in Eq. (47) yields an eWgeneral
expression, including terms of O(&?):
P £ (&) = f dx xw (x )
1 r

angzon, (1) = -2 (D — Dutr) - 0~ )2+ 0(2),
(50)
where the field amplitude u(r) is defined as
u(r) = o' (r) + ¢ /r, (51)
N, B

is the dielectric constant for the species s cyclotron modes,
a(r)=w— Q. 4+ 2 —Oog +rag(r)/2+iv  (53)

is a frequency “offset”, and

b)Y =Sy

(54)

[\

represents the local species density n,(r), expressed as the
equivalent £ X B rotation rate for a uniform ng. We do not
display the O(&?) terms in the cold fluid density perturbation
as they are fairly complex and will not be needed in what fol-
lows. The frequency offset o is, in fact, (the negative of) the
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n
resonant denominator that appears in Eq. (46) for Q =1,
expanded to lowest order in ¢ with the assumption that
o = Q. + O(¢). This implies that o is also of O(e).

Next, we consider the thermal density correction for
species s, which takes the form

C C C
4nqionr,(r) = —r2 (Cl + (722 + aT; + j) . (55

where
C, = vg(ﬁvjaqs) 42! <3—€> @, (56)
o r \or r) a
_ D g ]2 E=9)
C, = . 14 1)[81‘+ . ]ﬁu
2 _ _ !
I, {2@ L 2 P ﬁ/,u}
r r r
—o’ [2ﬁ'u + pu —(E;rz)ﬁu] — o Bu, (57)

Cy=0a" {ﬁu’ +3fu+(3-10) %

00 —1
+ 2o/ {20(” — o ( . )} Bu, (58)
Cy = =3 pu, (59)
where
2
V?Z%grg—g—. (60)

Finally, we note that Eq. (49) implies that for a different
species § # s with Qs — Q.. = O(1/¢), dnps = O(&?). Also,
we find the thermal corrections to dn; are even higher order
in ¢. We, therefore, neglect dn; when solving Eq. (47), so
only the density perturbation for species s need be kept for
species s cyclotron waves.

Furthermore, since Egs. (60) and (51) imply

Vioh =1 o) -2, )
the thermal density correction for species s can be written
entirely in terms of u and its derivatives up to third order.
Thus, Eq. (47) combined with Eqgs. (48), (50) and (55) con-
stitute a third-order ordinary differential equation (ODE) for
u(r), which must be solved subject to the boundary condi-
tions for d¢.

While the ODE is fairly complex, its form can be tested
in various ways. For instance, the thermal corrections, pro-
portional to rf,, enter as expected from analysis for a homo-
geneous system, ie., ony, = —n, kK*r2o¢/(2m Q. x)."* Also
for the case ¢/ = 1 in a single species plasma, a simple ana-
lytic solution exists®

0p(r) = Arjow + iv — Q. + wg(r)], (62)

due to the fact that this excitation is a center-of-mass oscilla-
tion in which the entire column is displaced, and thermal
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effects on the density perturbation must vanish as a conse-
quence. Indeed, substitution of Eq. (51) and (62) into Eq.
(55) for £ = 1, along with the Poisson equation relating total
charge density p,,, = Y, ¢si; to E x B rotation frequency,

B 0

=13 (FPowg), (63)

Pror(7)

yields ony, =0 if there is only one species, so that
Prot = qshs. Furthermore, the cold-fluid density perturbation
satisfies V23¢ + 4ng*onp, = 0, showing that Eq. (62) is a
solution of Eq. (47) for ¢ = 1 in a single species plasma.
Furthermore, if o is chosen as w = Q. — wg(ry) — iv,
Eq. (62) implies that the perturbed potential at r,, vanishes.
This is the frequency of the £/ = 1 “center of mass” cyclotron
eigenmode in a single species plasma column [correct to O(&)].
The frequency shift wg(r,,) is caused by E x B rotation of the
center of mass in the plasma’s image charge electric field.

VI. COLD FLUID THEORY OF SURFACE CYCLOTRON
MODES

In the zero-temperature “cold-fluid” limit, the cyclotron
mode dispersion relation becomes

V25¢ + dngrong, =0, (64)
with dnp, given by Eq. (50). Following Gould,® we will solve
this equation for 6¢(r) using the related field amplitude u(r).

Using Egs. (50) and (61), Eq. (64) can be written as a first-
order ODE for u(r),°

10 l
The solution of this equation is
u(r)y = Ar'='/ D(r), (66)

where the constant A is determined by boundary conditions

on J¢(r). We will consider the following boundary
conditions
5¢(rw) = ¢M’; 5¢(rin) =0, 0<rip<ry. 67)

For the special case ¢ < 0 and r;,, = 0, the 2nd boundary con-
dition must be modified to d¢»(0) = finite.

The first boundary condition corresponds to a potential
of magnitude ¢, applied to an exterior electrode of radius
7w, oscillating in time at frequency w; and the second bound-
ary condition corresponds to an inner conductor of radius 7y,
at fixed voltage (see Fig. 1). Taking rj, = 0 (by which we
mean no interior conductor) is typical in many experiments.

The equilibrium density of a given species s, n,(r), can
have arbitrary radial dependence, but in most experiments,
wg(r) is monotonically decreasing; otherwise, the plasma
can be unstable.”® The E x B rotation frequency is deter-
mined by the total charge density p,, through Eq. (63) (see
Fig. 1). The density of species s need not have the same pro-
file shape as p,,(r) since various forces act differently on
different species and can even produce centrifugal or charge
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>
}"w r

FIG. 1. Schematic diagram of the charge densities and E x B rotation fre-
quency g in a non-neutral plasma column consisting of three species.
Cylindrical conductors bound the plasma at rj, and r,,; in many experiments,
the inner conductor is not present. Centrifugal and/or charge separation®
can cause the species to separate radially, in order of largest to smallest
charge to mass ratio.

separation of the species densities at sufficiently low temper-
ature and large wg.>> We will find that there are surface cy-
clotron waves that propagate along the edge(s) of each
species’ density profile, producing measurable electric fields
at the walls. When there is no inner conductor, there is also a
second set of internal upper hybrid waves that do not affect
the potential outside the plasma.

With the boundary condition d¢(ri,) =0, Eq. (51)
implies

dp(r) = riéJ ar'r"u(r). (68)

For the special case rj, = 0 (no interior conductor), this must
be modified to

dp(r) =rt|C+ Jdr/r/gu(r’) . (69)
0

For ¢ < 0, the constant C is undetermined, but for ¢ > 0, we
require that C = 0 so that d¢ remains finite at r =0.

A. Upper hybrid cutoff

For any ¢, a possible solution of Eq. (65) is Du=0. This
corresponds to a localized upper-hybrid oscillation with
u = Bo(r — run), at any location ryy for which D(ryy) = 0,
which can be written as a(ryn) = f(run) using Eq. (52). In
the theory of electromagnetic wave propagation, such locations
are referred to as upper hybrid resonances,'® but for the electro-
static Bernstein waves discussed in this paper, these locations
act as cutoffs, reflecting the waves. We, therefore, refer to a
location where o« = f§ as an upper hybrid cutoff. Using Eqgs.
(53), (52), and (63), the frequency at cutoff can be written as

@ps” (run)

o+ iv—Q, = ({ = Dog(ron) — Y o

SF#s

(70)
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This is the expression for the upper hybrid frequency in a
rotating plasma column, in the low density limit
0p, /Qe, < 1. At ryn, u(r) is undefined, but it is zero every-
where else.

The potential corresponding to these upper hybrid oscil-
lations is, according to Eq. (69),

r < rud

71
"UH/'”)éy I > I'UH, D

sp=Cr '+ {g’(

where C =0 if ry, > 0 or £ > 0. In these instances, the choice
B = ¢,(r/ rUH)é matches the boundary conditions at
r =1, so the oscillation amplitude is clamped by the value
at the wall. But, if r;, = 0 and ¢ < 0 either B or C is undeter-
mined, so any oscillation amplitude is allowed; these are sin-
gular upper hybrid eigenmodes. These modes make no
potential outside the plasma; they are internal modes. Note
that these occur only if there is no interior conductor
(rin = 0). Finite temperature effects on these modes will be
discussed in Secs. VII-IX.

B. Surface cyclotron waves for no inner conductor

Turning to the surface cyclotron waves, we first examine
the case where there is no interior conductor. In this case, the
solution domain includes r=0, and then Eq. (66) implies
that nontrivial solutions for u(r) exist only for £ > 1. These
waves have angular phase velocity w/¢ ~ Q. /¢ in the same
direction as the cyclotron motion. Then, Eq. (66) along with
Eq. (69) implies that

2=

D(r')’

op(r) = Ar‘IJ dr £>0. (72)

0

The constant A is determined by the boundary condition

that 6¢(r,) = 6¢,,,

T

J dr'y(20-1) /D(I‘/)
0

(73)

A dimensionless measure of the system response to the
applied potential d¢,, is the admittance function Y, where

w00/ Ory,
opy,

This function is proportional to the surface charge on the
wall electrode for a given wall potential. The out-of-phase
(imaginary) component of Y is due only to the plasma and is
a useful measure of the amplitude of the plasma response to
the applied wall potential. Using Eq. (51), the admittance
can be expressed in terms of d¢,, and u(r,,) as

u(ry)
o¢,,

},25

= A (75)
J dr’r’%_l/D (,./)

0

Y (74)

Y=—(+r,
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The imaginary part of the admittance has peaks at frequen-
cies for which the denominator in Eq. (75) is small, i.e.,
where

J dr r/(Zf—l)/D(r’) — 0. (76)
0

For finite collisional damping and real , this integral never
equals zero, but for weak damping, minima in its magnitude
approach zero at one or more frequencies corresponding to
the frequencies of weakly damped cyclotron modes in the
cold fluid limit. For the case of a uniform rotation frequency
wg and a uniform density (possibly hollow) plasma column
with outer radius 7, and inner radius r; (similar to the species
2 profile shown in Fig. 1), the integral in Eq. (76) can be per-
formed analytically. There is a single mode frequency for
each (positive) value of ¢, given by

3
w+iv—Q, = (e—z)wE+ﬁ(1 _T) 0> 0.
(77

The frequency shift /wg arises from the Doppler effect due
to plasma rotation. The term —2wy arises from a shift in the
cyclotron frequency caused by the Coriolis force. The term
proportional to f is the frequency shift due to the self-
consistent plasma electric field created by the perturbation.
The shift is reduced by the factor (r3° — r2%)/r2* due to the
effect of image charge electric fields.

For more general density and rotation profiles, the inte-
gral in Eq. (76) must be performed numerically. In the limit
of weak damping, v — O, there is a singularity in the inte-
grand at radial locations ryy where D(r) — 0, corresponding
to the aforementioned upper hybrid cutoff. If there is only
one such location, at » = ryy, application of the Plemelj for-
mula to Eq. (72) for v — 0" allows one to write the admit-
tance as

e 201
Y = _Z + ra}f/ fdr/r TCI’UH . (78)
0

D()  ID'(run)]

This expression shows that if the density or rotation fre-
quency gradient is large (which makes |D’| large), the
amount of enhanced absorption due to the upper hybrid cut-
off will be small. (This is why no effect of the cutoff appears
in Eq. (77)-the cutoff occurs on the plasma edge, which was
taken to be arbitrarily narrow.) An example with an edge of
finite width is shown in Fig. 2. Here, we plot the imaginary
part of Y versus the applied frequency for a single-species
plasma with a density profile of the form

no Iy —r
) =107 h( ) 1}, 79
n(r) > {an A + (719)
with associated equilibrium potential (and hence rotation fre-
quency) given by the solution to Poisson’s equation,
V2¢, = —4ng*n(r). Here, and throughout the paper, we
take r, =r,/2. For this profile, there is a range of
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FIG. 2. Imaginary part of the admittance versus frequency for an ¢ = 2 wall
perturbation, in the cold fluid limit, at different collision frequencies v
(measured in units of S, = Max (f8) for the density profile of Eq. (79) with
1y = ry/2,Ar = r,, /20, where r,, is the wall radius).

frequencies for which there is a single cutoff. For finite edge
width Ar, even if v — 0 the peak in Im Y has finite frequency
width caused by energy absorption at the upper hybrid cut-
off. The width in ImY decreases as Ar decreases (Fig. 3).
Also, as Ar decreases, the location of the peak in the plasma
response approaches the analytic result given by Eq. (77),
shown by the arrow in the figure.

We will see in Secs. VIII and IX that this absorption is
due to the coupling of the surface cyclotron wave to Bernstein
waves. The Bernstein waves draw energy from the surface cy-
clotron wave, causing a broadened frequency response. This
damping mechanism is similar to the absorption of unmagne-
tized surface plasma wave energy that occurs at bulk plasma
resonances in an inhomogeneous unmagnetized plasma.'®

C. Surface cyclotron waves for an inner conductor
with radius r;,>0

For the boundary conditions ¢ (rin) = 0,0¢(rw) = ¢,
the origin is not in the solution domain and, therefore, Eq.
(66) provides nontrivial surface cyclotron mode solutions for
all integers ¢. Now the perturbed potential is, from Eqs. (68)
and (66),

Sp(r) = Ar~t | ar 80
o) = 4t | G (50)
Fin
15+ g
Ar = 1/50

10} |
z
£

5 Ar=1/2 g

=2, v=0.01 Ar=1/10
Ok n r
0.0 0.2 0.4 0.6 0.8 1.0

(w_-Qz')/ ﬁmax

FIG. 3. Same as Fig. 2 but for fixed v = f3,,,,/100, at different profile widths
Ar (in units of r,,). The arrow shows the frequency for a step profile, Eq. (77).
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and the constant A is again given by the condition that

0¢(rw) = ¢,,. The admittance is then given by Eq. (74)
20
Y=y @81)

j dr'y!(20=1) /D(l‘/)

"m
Peaks in the admittance function again appear where the de-

nominator approaches zero,

Iy

/(20—1
e

J D(r)

Tin

— 0. (82)

For example, for a uniform density hollow column with
inner and outer radii r; and r, and with uniform rotation fre-
quency wg, there is again one cyclotron mode per ¢ value, at
frequency

o+iv—Q, = —-2)wp + ﬁ(l _ (i‘z/rw)Zé _ (i‘l/i‘w)ﬂ).

1— (rin/r)*
(83)

For ¢ > 0 and r;;, — 0, this formula returns to the previous
result, Eq. (77). However, there are now also modes for
¢ < 0. For example, for £ = 0, Eq. (83) reduces to
o(22)
Fin”
v—Q, =2 _\'in"2/
O = e B )

This is the frequency of a cyclotron “breathing” mode, where
the column oscillates radially without changing its density.

For more general density profiles with an inner conduc-
tor, for which Eq. (83) roughly applies, there are not neces-
sarily any locations where D(r) =0 in the plasma (unlike the
previous example with no inner conductor), so in cold fluid
theory, these modes are then undamped “discrete” eigenmo-
des when v = 0.

An example is shown in Fig. 4 for £ =0 and the same
tanh density profile as we used for Figs. 2 and 3, taking
rin =11 = 1/10r,. The potential on the inner conductor is
chosen so that wg is uniform inside the plasma far from the
edges. Now, as v decreases for any fixed value of Ar, peaks
in ImY become narrower without limit, signifying a discrete
undamped mode in the ¥ — 0 limit. For small Ar, the peak
in the plasma response occurs at the frequency predicted by
Eq. (84) (the arrow in Fig. 4).

The modes are undamped as v — O in this example
because, for the range of frequencies plotted in Fig. 4, there
is no longer an upper hybrid cutoff, although D changes sign
from a negative value inside the plasma to a positive value
(unity) outside it. This is because D changes sign by passing
through infinity, since «(r) =0 at a location inside the
plasma. This is the location of a wave-particle “resonance”
that has important implications for finite-temperature cyclo-
tron wave propagation.

Because the frequency of the surface cyclotron mode
depends on species density, measurement of the mode

{=0. (84)
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Ar=1/50 Ar=1/10
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(w-Q)/B
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FIG. 4. Imaginary part of the admittance for an £ = 0 cold-fluid cyclotron
mode in a plasma with an inner conductor of radius ry, = r,,/10, for two val-
ues of the profile width Ar (in units of r,,) and for v/f,,,, = 1/20, 1/100 and
1/1000 (in order from broadest to sharpest admittance curves). The arrow
shows the frequency for a step profile, Eq. (84).

frequency is a useful and nondestructive diagnostic for the
density of each species.2 The internal upper hybrid modes
have frequencies given by Eq. (70), which also depend on
density and rotation frequency, but these modes may be
harder to detect experimentally. There are no peaks in the ad-
mittance function Y, indicating that, within the model of an
infinitely long plasma column, these modes cannot be
observed by their effect on wall image charges. On the other
hand, it should be possible to detect these modes using a
wall electrode located at the end of a finite-length plasma
column.

VII. FINITE TEMPERATURE EFFECTS, BERNSTEIN
WAVES

When finite temperature terms are added to the analysis
of the surface cyclotron waves, new waves appear, referred
to as Bernstein waves. These waves were analyzed qualita-
tively by Gould.>® We will see that these waves couple to
the surface cyclotron waves. Also, when there is no inner
conductor, the ¢ < 0 singular upper hybrid continuum given
by Eq. (70) breaks into another set of finite temperature
Bernstein eigenmodes, which do not couple to the surface
cyclotron waves.

The perturbed potential now satisfies

V%(SQS + 4ng*(dng, + ong,) = 0, (85)

where onp, and onr, are given by Egs. (50) and (55). For
now, we consider only boundary conditions with no inner
conductor where r=0 is included in the domain, and d¢ is
specified on the outer wall. We also assume, for now, that
the species s density profile extends to the origin, and that
there is a vacuum region between the plasma and the wall.

Inside the plasma, Eq. (85) is a fourth order homogene-
ous equation for d¢, or, alternately, a third order equation
for u when we apply Eq. (61), but outside the equation
reverts to Laplace’s equation, second order in d¢ (first order
in u). The general solution of the third order equation for u is
a sum of three independent solutions, u; (), ua(r), u3(r).



042120-11 Daniel H. E. Dubin

For ¢ > 0, it can be shown that one of these solutions
(u3, say) blows up at the origin. The interior solution within
the plasma is then

um(l‘) = Blul(r) +Bgu2(l‘). (86)

This must be matched onto the outer Laplace solution at the
plasma edge. The outer Laplace solution is

o = Ar'1L. (87)

The matching of inner and outer solutions is accomplished
by setting

Uin (rout) = uout(rout)7 (88)

where 7oy is a radius outside the plasma (typically chosen
close to the plasma edge), where Eq. (85) is first-order. A
WKB analysis (Sec. VIII) shows that only one of the two in-
terior solutions remains finite outside the plasma (i, say);
the other blows up as n(r) — 0. Therefore, we set B, = 0, so
Egs. (86)—(88) determine B; in terms of A,

By =Art i (row). (89)

Finally the constant A is determined in terms of the applied
wall potential via Eq. (69),

Fou Ty
é,, = Bir,* J uy (r)rtdr + Ar)* J *dr (90)

0 Tout

(taking C =0 since ¢ > 0 is assumed).

Equation (90) determines the amplitude of the plasma
response to the applied wall potential ¢,,. This amplitude is
unbounded wherever the rhs of Eq. (90) equals zero, i.e.,

0=rlt J i (1)rdr 4 uy (Four) J P dr. 1)

0 Tout

These zeros correspond to a sequence of normal modes—the
aforementioned Bernstein modes. The behavior of these
modes is analyzed in the next sections.

For ¢ <0, one can show that two of the three interior
solutions blow up at the origin (u#, and u3, say), so

uin(r) = Byuy (r). (92)

This interior solution is not necessarily finite outside the
plasma; it generally blows up as density n; — 0, so the only
solution is A = B; =0, i.e., u=0. Then, Eq. (69) implies
that the solution for d¢ is a vacuum potential:
8¢ = ¢, (r/rw)”". However, there may be certain choices
of  for which the interior solution does not blow up. These
frequencies correspond to eigenfrequencies of ¢ <0
Bernstein oscillations.

In the cold-fluid theory, the ¢ < O upper hybrid oscilla-
tions were excited over a continuum of frequencies associ-
ated with an upper hybrid cutoff and were localized to a
given radius for a given frequency in the continuum. With
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finite temperature, these modes are not localized and may
occur only at discrete frequencies.

Viil. WKB ANALYSIS OF FINITE TEMPERATURE
CYCLOTRON MODES

The previous general ideas concerning the solution of
Eq. (85) can be illustrated and expanded using a WKB solu-
tion of the problem. We first make some general observa-
tions about the Bernstein wave solutions expected from this
analysis. For a uniform plasma in the low-density regime
w,/Qe < 1, the finite-T dielectric constant D7 (w, k) near the
cyclotron frequency for species s is'®

2B,

e—kzr(2 Il (kzrcz)
oo —Q.,)

DT(O)7 k) =1- 22

93)

where /;(x) is a modified Bessel function. The zeros of the
dielectric constant yield the Bernstein mode dispersion
relation,

—k22 11 (k2r2) 1
w(k):QL\+2ﬁek(k27r2(+0 E
o

=Q. + Bl —Krr+..), kr.< 1. 94

The time-averaged energy density in the waves is

_IEP 9
" 167 0w

_Ef Q.
T l6nw — Q.

(wDr) (95)

where E = —V ¢ is the wave electric field. The energy flux
is

S=v,E,, (96)
and
ow [kzl’z(h — 10) + 21]} _22
Ve = = —4pfr. o ek 7

is the group velocity.

Our wave Eq. (85) should produce results consistent
with the small k& limit of these expressions. Outside the
plasma, the solution for u(r) is given by Eq. (87). Inside, we
assume a WKB form

u(r) = &8, (98)

where we expand the eikonal S(r) in a power series in the cy-
clotron radius ..,

S(r) ZSO—(r)—i-Sl(r)—}—rCSz(r)—&—--u (99)

Te

This asymptotic expansion will be useful provided that
re/L < 1, where L is the scale length of the equilibrium.
The only term in dnz(r) that enters the analysis to determine
So and S is the first term in Eq. (56).
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Substituting Egs. (98) and (99) into Eq. (85) and keeping
the lowest order terms in r. yields the following equation
for So:

Dsgfgsg =0. (100)
This implies S, = 0 or S, = *ik(r)r., where
k(r)y=/—oD/(pr2) = /1 —o/p [rc (101)

is the local radial wavenumber of the solution. For the case
o = 0, the solution is slowly varying and is entirely deter-
mined at the next order.
Considering the next-order equation in r. yields the fol-
lowing expression for S; when Sj, = 0:

D (L—1)

" t—=———2-=0. 102

Sith . 0 (102)

The solution is the cold fluid result §; = —logD

+( —1)logr, or
e
= 1
uy (r) D) (103)

An order r? correction to this solution could be found by
working to even higher order, but we will not use that correc-
tion here. This cold fluid solution is invalid if 1/D(r) varies
rapidly, which occurs near the upper hybrid cutoff where
D(r)=0.

The amplitudes of the other two rapidly varying solu-
tions with S = *ik(r)r. are also obtained by considering
the next-order equation in .., which now yields

1 1/D p o
"+ —+—-—=+=—-=]=0. 104
Sl(’)+2r+r<D+ﬁ zx) (104)
Thus, the second and third WKB solutions for u(r) are
1 0
1 o \? tifk(r)dr
) = — | —— . 105
ur3(r) 7 (ﬂD) e (105)

These solutions are traveling waves moving radially
inward or outward, depending on the sign of @ and Re(k).
Their wavenumber and amplitude (but not their frequency)
vary in radius as the plasma density and/or rotation rate
varies. The local dispersion relation of these waves follows
from Eq. (101):

o= p(1 — k). (106)
Equation (106) matches the long-wavelength limit of the
Bernstein-mode dispersion relation, Eq. (94), for the shear-
free case; noting that for a rotating system, there is a Doppler
shift to w and a shift to Q. from the Coriolis force that
appears in Eq. (106) through o [see Eq. (53)]. The radial
group velocity follows from the derivative with respect to k
of Eq. (106):
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Vg = —2fkr?. (107)

The WKB amplitude factor for the Bernstein waves,

1 o 174
G (FD) ’

is consistent with energy conservation. For WKB traveling
waves, the conserved quantity is the total radial energy flux
rS - i given by Eq. (96). Identifying & — €, with « and iden-
tifying |E\2 with u* [using Eq. (52) and the WKB limit
kr > ] implies the following general WKB amplitude

factor:
”“(‘Aawvwo '

To compare this to Eq. (108), we substitute for v, from
Eq. (107), noting that the group velocity can be written as
Vg = —2fr. /1 —a/f using Eq. (106). Substituting this
expression into Eq. (109) and using Eq. (52) yields Eq.
(108), the kr. < 1 form of the amplitude factor.

The two WKB solutions in Eq. (105) break down near
r=0; near any upper hybrid cutoffs where D(r) — 0; and
near any “resonances” where o(r) = 0 and D(r) — oo, corre-
sponding to strong wave-particle resonant interactions. These
resonances, if they occur, cause damping of Bernstein waves.
Note that the slowly varying “cold fluid” solution u; also
breaks down at the upper hybrid cutoff, but not at » =0 or at
the o =0 resonance. Also, when f(r) — 0 at the plasma
edge, Eq. (101) implies that k — ioco, so one Bernstein solu-
tion blows up and the other decays to zero exponentially.

Connection formulae'® must be derived in order to con-
nect WKB solutions on either side of a cutoff or resonance.
We first consider the connection formula for a cutoff.

(108)

(109)

A. Connection formula for an upper hybrid cutoff

Consider a situation where Re(a(r)) > 0 but Re(D(r))
changes sign at r = ryg, with Re(D) > 0 for r > ryg (see
Fig. 5). Near r =ryy, D(r) ~ (r — ryn)/L, where L'
= D'(ryn) > 0 by assumption. On the left side of the cutoff,
we write the WKB solution as

r

A[j”éil BL —o i
i) =255+ 4

ﬁ—D>Zcos Jkdr—l—x , (110)

JUH

FIG. 5. Schematic of a plasma for which there is a single upper hybrid cut-
off. Varying w moves the o(r) profile vertically and changes the location of
the cutoff.
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where A; and B, are the amplitudes of the solution and y is
the phase. [Throughout the remainder of the paper, we
assume a sign in the square root in Eq. (101) such that
Rek > 0. In this section, we use the kr. < 1 form of the
WKB amplitude factor, Eq. (108), since near cutoff k — 0.]
On the right side of the cutoff, the WKB solution is

Agrt=! | a 1 f kdr - j kdr
= +—= == BRle’UH +BR2€ "UH .

MR(I’)

D(r) — /r\pD
(111)

To connect these two solutions, we note that near r = ryy,
Eq. (85) can be approximated as
d /x
2 m
- —(su)=0, 112
')+ 5z %) (12
where x = r — ryg, we have used the relation 3/ oc\,,:,.UH =1,
and we have kept only the dominant balance in Eq. (85),
assuming r./L < 1. [This balance involves only the first
term in ong (see Eq. (50)) and the first term in Eq. (56).] The

general solution can be written in terms of Airy functions
and integrals of Airy functions:

u(x) = DIA(E) + DB (¥) + DiCi(x),  (113)
where the function C; is defined as
CilF) = (%) J dvoBi(xo) + nB,-(X)J dvodi(xo)  (114)

and ¥ = x/(£r2)"?. For x < —1 but |x|/£ < 1, we can
connect Eq. (110) to Eq. (113) using the asymptotic form of
Eq. (113). The asymptotic forms of the Airy functions A; and
B; are well known.?' The asymptotic forms for C;(x) are

1 2 40 i 2 32
Ci(x)_)—?+g+x—7+---+mcos{§( —X) +4

385 5 2
><<1+ 73"-)+— vz sin{g(fX)S/quﬂ

4608% 8 (_x)
o (1 7017 < -1
1382453 r
1 2 40
ClE) =+ St ey > L. (115)

Using the X < —1 asymptotic form in Eq. (113) along with
the corresponding forms for the Airy functions yields the fol-
lowing lowest-order form for u:

- PG+ )

2 D
+ (D + ©D3) cos (g(—f)m + g)} + ?3

lim u(x)
X——0Q

(116)

Comparing Eq. (116) to Eq. (110), and noting that for
0< (run—r)/L <1, we can approximate 2[x[*/> = [ kdr,
D(r)=x/L, and (—oc/([fD))l/4 = (—£/x)1/4, so we obtain
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AL = Dsrl L2123, (117)

By cosy = ,/;L:(r(./ﬁ)‘/ﬁ[Dl +Dy+7Ds),  (118)
. A

Brsiny = 1/%(r6/£)1/6[D1 — Dy — nD3]. (119)

On the right side of the cutoff the lowest order asymptotic
form of Eq. (113) is

1 | R =
l:* eihz/z/SD] + D2€2'Y3/2/3 + D3 /X.

\/Efl/4 2

lim u(x) =

X—00

(120)

Connecting to Eq. (111) for x> 1 but (r —ryg)/L < 1
implies

Ag = Darlil (re/ L), (121)

Bg, = 1/'”U7“(;~(./,C)1/°Dz, (122)
_  from et

Br, = |2/ 0) S (123)

Eliminating D, D,, and D5 from Egs. (117)—(119) and
(121)—(123) yields the connection formulae at an upper
hybrid cutoff,

Ap = Ag,

B Ll
BLcosx:£+ﬁBRz+,/2 ronAr, (125)

7L
BLsm/——T—i—\/_BR2 . ,6H1/2AR.

These formulae indicate that, at a cutoff, the slowly varying
“cold fluid” solution, responsible for surface cyclotron
waves, and proportional to coefficients A and A;, is mixed
with the rapidly varying “Bernstein” solutions, proportional
to Bg and B;.

(124)

(126)

B. Behavior near a resonance

There may be locations in the plasma where a(r) = 0,
due to shears in the E x B rotation frequency. At such loca-
tions, the WKB Bernstein mode solutions, Eq. (105), are
invalid. This is because Eq. (101) implies that kr, =1 at
o = 0, which breaks the assumption used to derive Eq. (85)
that kr. < 1. Therefore, we modify the Bernstein WKB sol-
utions by using the exact Bernstein mode dispersion relation
for a uniform system, Eq. (94), writing the dispersion rela-
tion as

e kzrg
o) = 2p(r) e NE T

c

(127)

in order to account for Doppler and Coriolis force shifts due
to plasma rotation. This WKB dispersion relation agrees
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FIG. 6. Schematic of a plasma with parameters chosen so that there is a sin-
gle resonance.

with the w,/Q. < 1 limit of the Bernstein dispersion rela-
tion for a rotating uniform density single species plasma col-
umn, derived in Ref. 22. This equation shows that at a
resonance, the radial wavenumber k approaches infinity, not
1/r. as our approximate dispersion relation, Eq. (106),
predicted.

Furthermore, the resonance does not act as a turning
point for rays, unlike the upper hybrid cutoff. The rays are
curves in the (r,k.) plane describing the trajectory of
Bernstein wave packets. The rays are obtained from Eq.
(127), as contours of constant ».>*> When «(r) and f(r) have
the form shown in Fig. 6, these constant @ contours have the
form shown schematically in Fig. 7(a). The rays are simply
diverted to large £ without reflecting, as opposed to the case
of a upper hybrid cutoff (Fig. 5), for which the rays have a
turning point (Fig. 7(b)).

Furthermore, the WKB wave amplitude becomes large
at the resonance. As kr, — oo, Eq. (127) implies that

2 p(r)
““**VZ@@’ (128)
so the radial group velocity approaches zero as
2 p(r)
=3\/= == 129
Ve \/; k*r3 (129)

>
>~
>

'k

v

-
<
-
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Using these equations in the expression for conservation of
energy flux, Eq. (96) implies that, near the resonance where
o — 0,

1

Ef oc—.
o

(130)

These large amplitude large k& Bernstein waves will be
absorbed by the plasma at the resonance. The absorption
mechanism could be viscous damping due to large &, nonlin-
ear processes due to large amplitude such as wave-breaking,
or direct Landau damping at the resonance. [None of these
effects are included in Eq. (85), which does not apply at a
resonance.] Such damping is observed in experiments on
fusion plasmas.'®

Since the Bernstein waves are absorbed at a resonance
rather than being reflected, there are generally no longer any
Bernstein normal modes in WKB theory, since normal
modes are standing waves that require interference between
waves propagating radially in both directions. However, a
reflection is still possible if there is an abrupt density change
in the plasma with k£ < 1, which violates the WKB approxi-
mation. This case has been considered by Spencer et al. for
¢ =0 modes.**

On the other hand, the cold fluid solution to Eq. (85)
passes through the resonance, essentially unchanged. In cold
fluid theory, we have already observed that the solution for
u(r), Eq. (66), merely changes sign at locations where
o(r) = 0. When finite temperature corrections are added, we
find that this is still the case provided that r./L < 1. To
derive this result, we expand o(r) near the resonance, writing

o=22(r — 1), (131)
'R
where
o
Wy = rp— . (132)
8}” Ir'=rp

Defining f = (wo/rg)u/o and x = r — rg, so that u = xf,

the dominant balance for |x/rg| < 1 and r./|rg| < 1 in Eq.
(85) s

r FIG. 7. (a) Rays (contours of constant w)

> for Bernstein waves at a frequency corre-

7 sponding to the o(r) profile in Fig. 6. (b)

UH Analogous ray (contour of constant w)

for Bernstein waves at a frequency corre-
sponding to the «(r) profile in Fig. 5.
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2 11 8 ' !

[This dominant balance involves the first term in Egs. (50),
(56), and (58), and Eq. (59).] The solution is

X X
f=DiJy (*) +D>Yy <*> + Ds.
Ie Ie

The Bessel functions J, and Y, are the two Bernstein
wave solutions near resonance, but with an incorrect (finite)
wavelength due to the aforementioned breakdown of Eq.
(85) as kr. becomes of order unity. However, the fluid solu-
tion to Eq. (85) remains valid provided that it remains slowly
varying. In fact, for small r., Eq. (134) shows this to be true:
near resonance the fluid solution for f is simply the constant
D3, which implies that u = D3 o(r). This solution can be
asymptotically matched onto the fluid solution away from
the resonance, Eq. (66), via the choice D3 = —Arf{'/ B(rg)-

Thus, the fluid solution is unaffected by the resonance
even when finite temperature effects are included (provided
that .. is small). This is illustrated in Fig. 8, which displays a
solution of Eq. (85) for a single-species plasma with the den-
sity profile of Eq. (79) and for £ = 0. For this ¢ value, there is
a range of frequencies for which a single resonance occurs.
The figure shows u(r) for one such frequency and for
re = 1,,/100, compared to the fluid solution; the two solutions
are matched at » = 0.6r,,. A small collision frequency v is
added to the frequency in order to regularize the poles in Eq.
(85) that occur at the resonance; but the results displayed are
in the limit of small . One can see that for small but finite r,
the fluid solution closely follows the numerical solution.

(133)

(134)

IX. WKB SOLUTIONS: EXAMPLES

The connection formulae derived in Sec. VIIIB can be
used to solve for the potential response of a finite-
temperature plasma to an oscillatory wall signal. The behav-
ior of the solutions is influenced by the locations of cutoffs
and resonances. We consider several examples.

A. One upper-hybrid cutoff

The simplest example is the case of a single upper-
hybrid cutoff. For instance, this can occur for the lightest

12 . . , . . .
Ar:rw /10, ro=r, /100

1=0, 0-Q=-3B /2

1 « fluid theory | ]

numerical

0.8}
06
041
02}

0
-0.2 . . . . Y, .

u(r)

FIG. 8. Comparison of cold fluid theory, Eq. (66), to a solution to Eq. (85)
when there is a resonance. Fluid solution and numerical solution are
matched at r/r,, = 0.6. The resonance is located at the arrow.
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species in a multi-component plasma with nearly uniform
total density that has undergone some centrifugal separation;
see Fig. 1.” In this case, a(r) is nearly constant over the
range of radii for which f(r) is nonzero, and there is a range
of mode frequencies for which

0 < o < Max (f8). (135)
There is then a single cutoff at the radial location ryy where
o(run) = P(run) (see Fig. 5). For frequencies outside this
range, the real part of the dielectric constant D(r) does not
change sign and the plasma response is well-represented by
the fluid limit, Eq. (66). This fluid response was already dis-
cussed in Sec. V.

For frequencies within the range given by Eq. (135), the
upper hybrid cutoff causes reflection of the Bernstein waves
that sets up a strong resonant plasma response at a discrete
set of mode frequencies. Inside the plasma, to the left of the
cutoff, D(r) < 0 and > 0, so the WKB solution for u(r) is
of the form given by Eq. (110)

Aprt! 4B 2r.o 12
u — —— —_
D(r) T\ (k)

r

X COS J k(rydr+y |, r<rum. (136)

TUH

Here, we have used the general form for the WKB amplitude
factor, Eq. (109), normalized so as to approach the kr, < 1
form, Eq. (108), as kr. becomes small. The phase y is deter-
mined by the r < ryg form of the solution near r=0. For
r/Ar < 1, we can take n(r) & ny and then the solution of
Eq. (85) that is finite at r =0 is

ALI’Z_I
=D

r
=<1,

+EJ(,1(/€()I‘), 15

(137)

where kg = k(0), and J,(x) is a Bessel function. This solution
can be connected to Eq. (136) for r/r. > 1 using the large
argument form of the Bessel function.”' This implies

T'uH

1= J k(r)dr — (¢ — 1)%-%.
0

(138)

To complete the solution for u, we match Eq. (136) to the
form for r > ryy, using Eqgs. (124)—(126) adding the require-
ments that the solution remain finite as n(r) — 0, and the
outer solution match to Eq. (87). This implies that the coeffi-
cient Bg; must vanish, so the matching conditions are

AL = A, (139)
nl _1p
By cosy = 2By + > uil A, (140)
Te
o nl _ip
By siny = V2Bg, — > A, (141)
I'e

where £7! = D' (ryn).
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Equations (140) and (141) can be used to determine Bg,
and B in terms of A

nl 1?2
B, = |—=—Y_4a, (142)
re cos(y + m/4)
r —1)2
Bro = | "W tan(y+ )L, (143)
re 2 4

Equation (69) then allows determination of the perturbed
potential 6¢. Near r =0, substitution of Eq. (137) into Eq.
(69) yields

N, . r E ) r
op(r) =Cr—" + Ar JdrlD(r')ij_oJ/(kO’)’ Z<< I,

R20—1

0
(144)

where we require C = 0 for £ > 0 and A =0 for ¢ < 0. This
can be connected onto the WKB form by using the following
integration identity, obtained using integration by parts:

b

: iD(r)/r. I'e
N

b
+0(r),

a

g(’) ei@(r)/r(

a

(145)

provided that there are no locations in @ <r < b, where
@' (r) = 0. We break Eq. (69) into two terms,

3¢ = 0p(Nr.) +1r7° J ar' r'u(r'),

Nr.

(146)

where N > 1 but Nr. < Ar. This allows use of the WKB
form, Eq. (136) in the integral, and Eq. (144) in the first
term. After asymptotic-expansion of J, for large argument,
and cancellation of terms involving N, we obtain

I

: 20-1 B 2re \'?
dp(r) = Cr* Af‘JdJr e e
) = Cr+ Ar ’D(r’)+k v (k,r)
0

;
X sin Jk(r)dr +xl, re<<r<ryu. (147)

T'UH

This form for d¢ is valid to the left of the upper hybrid cut-
off, but away from the origin.

To find ¢ to the right of the cutoff, one must integrate
across the cutoff using the connecting form, Eq. (113). We
write Eq. (69) as

rua+Nag
S¢p(r) = d¢(run — Nag) +r~" ar' ' u(r)

run—Nag

.
4+t J dr’rwu(r')7

run+Nag

(148)

where ag = (£r2)'*,N > 1 but Nag/L < 1.
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We can use the WKB form for d¢, Eq. (147), in the first
term. In the last term, we can use u = Arf™! /D, and in the
middle term, we can use Eq. (113). Noting that D(r)
~ L7 Y(r — rgn) for r near ryy, and using Eq. (107) for Vg
near the cutoff where kr. — 0, Eq. (142) for B;, Egs. (139)
and (117)—(119), we find that terms involving N cancel, and
we are left with

J(20—1)

D(r")

Sp(r)=cr* —i—Ar_[j;dr'
0

+ Dyagriyyr™t,  (149)

where yﬁ means the principal part of the integral, neglecting
the pole at r = ryy. In deriving Eq. (149), we have also used
the identities [~ A;(¥)dx =1 and limy o, [\ Ci(¥)dx
= 0. The latter follows by applying jfcoo dx to Eq. (114) and
integrating by parts.

Substituting for D; from the
(118)—(119) and using Eq. (142) yields

solution of Egs.

(20—1)

rop(r)=C+A i’dr’
0

— T
() ””‘z”*lta“(“Z) |

' —ryn > agp. (150)

For ¢ > 0, C=0 is required, so Egs. (150), (75), and (51)
determine the admittance

2
Y= . — 0. s
J’dr’r’(%‘ )/D(r') + nL 1l tan[y + n/4]

0

Here, y is given by Eq. (138), and k by Eq. (101) when «/f
is close to unity (so that kr. < 1). More generally, we can
extend the validity of Eq. (151) to all kr. by using Eq. (127)
for k.

The first term in the denominator of Eq. (151) is the
same as for cold fluid theory, Eq. (78). The second term
leads to the Bernstein modes. These modes occur wherever
the denominator vanishes, i.e., where

o rl%]i RS

{—1
J kdr = —( 5 ) + nm — arctan —;IZ D0
0

0
(152)

for any integer n [using Eq. (138)]. This is the dispersion
relation for the ¢ > 0 Bernstein modes in the WKB limit for
a single cutoff.

For a uniform density step profile of radius r, and
assuming kr, < 1, we can estimate the frequency predicted
by Eq. (152) by taking k constant, given by Eq. (101), and

rug = 12, yielding
2
r
o 1—=<x%),

where x,, is the right hand side of Eq. (152). Note that in a step
profile, £ — 0 and arctan(oo) = /2, so x, = (£/2 +n)m.

(153)
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As mode number 7 increases, the frequency decreases, with a
frequency spacing between modes proportional to plasma
temperature through the factor 2/r3. (This result is only an
estimate since a step profile has rapid variation that violates
the WKB approximation k£ > 1. However, a solution of Eq.
(85) for a step profile does predict Bernstein mode frequencies
of the form given in Eq. (153), albeit with a different value for
X,.)

In Fig. 9, we display the admittance Y for the density
profile given by Eq. (79), versus cyclotron radius r.. The sin-
gularities of Y locate the frequencies of the Bernstein modes.
We assume o(r) is uniform and equal to 4 Max (f8)/5, and
for Ar =r,,/10, r, = r,,/2, and ¢ = 2 using Eq. (101) for .
Equation (101) is correct only for small kr.. We use this
form for k in order to compare to numerical solutions of Eq.
(85) (the dots in Fig. 6), which are valid only for kr, < 1.
The WKB form for this function, Eq. (151), is an excellent
fit to the numerical solution of Eq. (85).

In Fig. 10, we show two of the potential eigenfunctions
for these modes, compared to the WKB forms, using the
kr. < 1 expressions for the WKB wave number and ampli-
tude in order to better compare to solutions of Eq. (85).

When there is finite damping v, the admittance exhibits a
sequence of peaks at frequencies determined by the solution of
Eq. (152) (see Fig. 11, plotted for £ = 1). In this figure, we use
the general form for k, from a solution of Eq. (127) for k(a/f3),
rather than Eq. (101). The solution of Eq. (85) is compared to
the WKB prediction on the right side of the figure, where
kr. < 1 for the Bernstein modes. The numerical solution dif-
fers from the WKB solution as o/« — 1 because WKB
theory breaks down as k£ becomes small. For sufficiently small
r., there is a regime for which both kr, < 1 and kL > 1,
where the WKB and numerical solutions of Eq. (85) match.

As the cyclotron radius r. decreases, the spacing
between the admittance peaks in Fig. 11, and the height of
the peaks, decreases until the result is indistinguishable from
the cold-fluid admittance given by Eq. (78). This happens
because, in Eq. (138), the imaginary part of y (due to finite
v) becomes large and negative as r. decreases, so that
tan(y + n/4) — —i, implying that Eq. (151) becomes identi-
cal to Eq. (78). This will occur roughly when vryy = |v,|

4
2
> ol I
2 H
o = 4/5 Max(B)
-4 =2, Ar=1/10
0.005 0.01 r/ 0.015 0.02

FIG. 9. Admittance versus cyclotron radius at fixed frequency and uniform
o(r) profile, o = 4f,,.«/5, v =0, and density given by Eq. (79). Dots: nu-
merical solution of Eq. (85). Solid lines: WKB approximation, Eq. (151).
Singularities in Y occur at the frequencies of Bernstein modes.
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Numerical

l=2,Ar/rW=1/10
a=4B /5 |

max

rfr =0014

59(r)

(@) 1,
\ 1=2, Arfr_ =1/10
'rlwks a=4B /5 ]

rc/rw =0.008

S
= 0
by
-1
oy
0 0.2 04 0.6 0.8 1
(b) r/rw

FIG. 10. Perturbed potential of ¢ = 2 Bernstein modes for two different tem-
peratures but the same frequency, and assuming uniform o(r), with
o = 4f,..«/5, and density given by Eq. (79). Solid lines: numerical solution
of Eq. (85). Dashed lines: WKB approximation, Eqs. (147), (150), (138),
(101), and (107). The dashed vertical line shows the location of the upper
hybrid cutoff. (a) r./r,, = 0.014 and (b) r./r,, = 0.008. The WKB approxi-
mation improves for smaller r., and breaks down as expected near r =0 and

I = TyH.
7 . . . ;
I=1 r =0.05
6 bvB  =0025 ¢
LAr=0.1 r,
>
E

FIG. 11. Admittance versus frequency for uniform o, density given by Eq.
(79), and v = f,,,, /40 for ¢ = 1, at three temperatures, with corresponding
cyclotron radii r. measured in units of r,. As r. decreases, the admittance
approaches cold fluid theory, Eq. (70). For larger r., Bernstein mode peaks are
evident. Curves: WKB theory given by Eq. (151), (138), and (127). Dots: nu-
merical solution of Eq. (85), shown only in the regime of validity for
Bernstein solutions of Eq. (85), kr. < 1. The arrow at a/f,,,, = 0.75 shows
the prediction of Eq. (77) for the frequency of the surface cyclotron wave.
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[note that \vg| decreases as r. decreases; see Eq. (107)]. In
this regime, the Bernstein modes merge and disappear, and
the cold-fluid limit is valid. Physically, the Bernstein waves
are carrying energy away from the surface cyclotron wave
and then damping due to collisions before normal modes can
be set up.

1. Internal Bernstein modes with £<0

In addition to the Bernstein modes which occur for
¢ > 0, there is a second set of Bernstein modes with ¢ < 0,

BL _ ZI‘CO(
k

Vg

Sp(r)=Cr ' +

_BL\/%(—I)” (”;—H)/

For £<0, C can be chosen arbitrarily. By taking
C = Bi\/nLlr./run rﬁH(—l)”, the perturbed potential out-
side the plasma vanishes. The result is an internal Bernstein
mode with arbitrary amplitude B;. The mode has no effect
on the admittance; it can neither be detected nor launched
using wall potentials. These modes have similar appearance
to the £ > 0 Bernstein modes, except that d¢p = 0 outside the
plasma. The dispersion relation is given by y = (n + 1/4)x,
which implies, using Eq. (138),

T'UH
J kdr = Zg +nm.
0

(155)

The frequencies predicted by Eq. (155) [using the gen-
eral form for k(o./5) found by solving Eq. (127)] are shown
in Fig. 12 for /=0 and compared to the frequencies

T o
[ * *
L] * *
08 | L =1/120
. LR
° + o o
06 [ T Tl
@_g * . * + )
< 04l t e + ]
s - . 1
+ numerical N °
e WKB r =1/60° o
.
02t =0 + . o 4
Ar=1/10 o,
0 L L L HEE S
0 3 6 9 12 15

FIG. 12. Frequency spectrum of internal £ = 0 Bernstein modes for two val-
ues of the cyclotron radius (measured in units of r,,). Plasma parameters are
chosen, so that there is a single cutoff: the «(r) profile is assumed to be uni-
form, and density is given by Eq. (79). Crosses: numerical solution of Eq.
(85), valid for the low order modes with kr. < 1. Dots: WKB approxima-
tion, Eq. (155), valid for kL > 1.
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related to the singular upper hybrid modes discussed in Sec.
VI A. When there is no inner conductor, the ¢ < 0 Bernstein
modes are purely internal modes, having no effect on the ad-
mittance. These Bernstein modes satisfy cos(y + n/4) =0,
which implies y = (n 4 1/4)x, for any integer n. Then, Eq.
(142) implies that ALy =A =0 and B, is undetermined.
Outside the plasma, u =0.

Inside the plasma, d¢ is given by Eq. (147) with
Ap = A = 0. Outside, d¢ is given by Eq. (149) with D, given
in terms of B; by Eqgs. (118) and (119). Thus,

1/2 "
) sin Jkdr+(n+]/4)rc , r<Trum

ruR (154)

r > ryg.

obtained from numerical solution of Eq. (85), again taking
Eq. (79) as the species s density profile with Ar = 1/10r,,
and o uniform in r. There is good agreement with Eq. (85)
solutions when kr. < 1 (the lowest-order modes), and fre-
quencies show the expected behavior given by Eq. (127) as
wavenumber increases. A few of the low-order modes are
displayed in Fig. 13.

B. Two upper hybrid cutoffs

There are circumstances where the « and f§ profiles have
the form shown in Fig. 14. For instance, in a centrifugally
separated plasma, the density of a species of intermediate
mass may have the form shown while the overall density is
uniform, so that o is roughly constant;*> see Fig. 1. There is
then a range of frequencies for which there are two upper
hybrid cutoffs, at radii ryy, and rym,, 7un, < ub,- The
Bernstein dispersion relations are modified by the second
cutoff.

In between the cutoffs, the WKB solution for u(r) can
be written in two equivalent ways,

1

0
S
3
-1
[=0
Ar=1/10
r = 1/60
) . i . . . .

0 01 02 03,04 05 06 07

“rlr
w

FIG. 13. The five lowest order internal Bernstein potential eigenmodes for
¢ = 0 for the same plasma parameters as in Fig. 12, taking r, = 1/60.
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FIG. 14. o and f profiles for a case with two upper hybrid cutoffs.

1 —1/2
r T'un,

D cos(y, + m/4)

21l 1/2 "
x (— T 2“) cos J kdr + 1, (156)
rv
¢ T'UH,
or
1 ’”[/j;[l/z
:A _ 1
u(r) D +cos(;(1 —n/4)
onl 1/2 "
x (ﬂ) cos J kdr + 7, |1, 57
rv
¢ TUH,;
|
07 r < TIug,

! ar rl2€7 1

Sp=Cr '+ Ar"f
0

+A

I'Vg

201
T [Ezr Un, tan

The Bernstein modes with £ > 0 have C =0 and satisfy
0¢(ry) = 0, which implies the WKB dispersion relation

g 2 21 T 201 T
dr —D("/)+n ﬁzI’UHZ tan( i, +Z fﬁlrUH] tan( i, ~7
0

=0. (161)

The Bernstein modes with ¢ < 0 have C # 0 and satisfy
A=0 and cos(y; —n/4) =0 =cos(y, +n/4) [but
A/cos(y, — m/4) finite], which by Eq. (158) requires

T'UH,

J kdr = (n—1/2)n

T'UH,

(162)

for any integer n.

C. Admittance regimes for the £> 0 cyclotron
response in a single-species plasma

For a single species plasma with a monotonically
decreasing density profile, the driven response to a wall

—nﬁlr%ﬁ]'tan(xl — f)r’k +

D(r _onL 1/2 or
) X <n410<) cos J kdr+y, |, rum, <r <rum,
TUH,

v . ™1
(Xz +Z) - ﬁl"%ﬁ{lltan(ll - Z)}' ‘
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where L' = |D'(run,)| and £;' = D'(ryn,). These solu-
tions must match, and therefore we require that the phases y;
and y, satisfy

T'UH,
n=n- | ka

T'UH|

(158)

and also

 (rom —1/2 c,
cos(y, +m/4) = ZZcos(y; —m/4). (159)
T'UH, L

The perturbed potential then follows from Eq. (69). We
must now integrate over the intermediate form, Eq. (113), at
both ryy, and ryy,, to obtain the following WKB result for

op(r):

(160)

potential with given mode number £ at a real frequency near
the cyclotron frequency exhibits several regimes that depend
on the locations of cutoffs and resonances. These in turn
depend on the o and f§ profiles.

For ¢ < 0, the only possible plasma excitations are in-
ternal Bernstein modes (unless there is an inner conductor
as in Sec. VIC). Furthermore, the o(r) profile for £ < 0 has
the form shown in Fig. 15(b): it is monotonically decreasing
in r. A cutoff, if one occurs, now traps the modes on the
outside of the plasma. In this case, there will also generally
be a resonance which will cause strong absorption unless
the plasma edge is sharp compared to k, so that a reflection
at the edge can occur. In any case, the £ < 0 excitations
have no effect on the admittance because they are internal
modes.

For ¢ > 1, the a(r) profile has a typical form shown in
Fig. 15(b); it may be non-monotonic, depending on the
sharpness of the edge in the density profile, and the value of
£. Cutoffs and resonances occur in various locations depend-
ing on the frequency and mode number.

For ¢ > 1, the different regimes are
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1. 00— Q> = 1)pax Or o — Qe < (£ — 1wg(ry): Fluid
regime

In this regime there are no resonances or cutoffs, so
the admittance should be nearly that of a cold fluid plasma
(Sec. IV); see Eq. (79).

2. (£=2)Bmax + Aa<ow—Qc< (€ — 1)Bn.x: Bernstein
mode regime

Here, Ao is the depth of the minimum in o(r) (if a mini-
mum exists—see Fig. 15(b)). In this regime, there is a single
upper hybrid cutoff, so the admittance is as described in Sec.
IX A: it displays peaks at the Bernstein mode frequencies,
whose widths vanish as collisional damping v vanishes; see
Eq. (151).

3. (b—Noe(rw) <o — Q< (£ — 2)Bmax + Aa: Resonance
regime

In this regime there are one or possibly two resonances,
along with a cutoff at larger radius. At the cutoff, the cold
fluid solution (driven by the wall potential) couples to a
Bernstein wave. This wave then carries energy to the nearest
resonance, where it is absorbed via one of the processes
mentioned in Sec. VIIIB. Thus, the solution for u(r) to the

12 , . ; .

(b) V/I’W

FIG. 15.  and representative « profiles (in units of f3,,,) for a single species

. . . . 4
plasma with monotonically decreasing density n(r) = ngexp(—(2r/ry)").
Frequencies are chosen so that there is one cutoff and one or more resonan-
ces. (@) <0and (b) £ > 1.
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right of the cutoff is Eq. (66), and to the left (but away from
the resonance) it is

-1 9, 12
u:A’ +B( 2;L.oc> ezLUde

(163)

Here, the positive sign in the exponential is chosen because
the group velocity, given by Eq. (107), will then be negative,
carrying energy to smaller radii according to Eq. (96).
Furthermore, the coefficients B and A are related by the con-
nection formulae (124)—(126) where, comparing Eq. (163)
(calculated near the cutoff where kr. — 0) to (110), we find

By cosy =B,
By siny = —iB, (164)
AL =A.

Then taking B, = 0 in Eqgs. (125) and (126) and solving for

B yields
N L ip
B:(l—l) z—rci"UH/A.

The perturbed potential to the right of the cutoff is still given
by Eq. (149), where D, is related to A through Egs. (118),
(119), (164), and (165)

. — o\ /6 N\,
Dy =(1-1i), /2"UH <’—) B=—in <’—> rigA.

(166)

(165)

When this expression for D, is used in Eq. (149), and that
expression for d¢(r) is used to determine the admittance via
Eq. (75), the result is

Y= 042 d,/rmu il 2
= + 1, ’D(r’) L gy ,

0

(167)

which is identical to the cold fluid result for a single cutoff,
Eq. (78). In both cases, Bernstein waves carry energy away
from the surface wave and damp before normal modes can be
set up. In Eq. (78), the damping is due to collisions, but here
the damping is also caused by absorption at the resonance.

Figure 16 plots the predicted admittance versus fre-
quency for a single-species density profile of the form shown
in Fig. 15, =4 and v = f,,,/100. We use the general
form for k(a/f) found by solving Eq. (127), and we use
Eq. (167) in the resonance regime, and Eq. (151) in the
Bernstein mode regime. For the parameters of the figure,
these regimes are delineated by 0.66 < (0 — Q.)/fmax < 2
and 2 < (0 — Q) /Puax < 3, respectively. Numerical solu-
tions of Eq. (85) are also shown for values of o that satisfy
kr. < 1. Peaks in the admittance due to weakly damped
Bernstein modes are apparent, but the peaks disappear in the
resonance regime where strong absorption of the Bernstein
waves is predicted.



042120-21 Daniel H. E. Dubin

0.16

[=4,viB =001

0.12 r =001r
2.0.08
E

0.04

Resonance regime Bernstein mode regim
0 < N . . >

1 15 2
(w-2)/IB

max

FIG. 16. Admittance versus frequency for an ¢ = 4 wall perturbation in a
single species plasma with the same plasma density as in Fig. 15, taking
re =r,/100 and v = f,,/100. Curve: WKB solution. Dots: solution to
Eq. (85).

X. CONCLUSIONS AND DISCUSSION

Two types of electrostatic cyclotron waves can propa-
gate perpendicular to the magnetic field in a non-neutral
plasma column: surface cyclotron waves and Bernstein
waves. The surface cyclotron wave propagates only in the 0
direction, causing density perturbations on the edge(s) of the
column. These surface waves occur only for £ > 0 in systems
with no inner conductor, but can occur for any ¢ when there
is an inner conductor. The waves can be launched and
detected using electrodes at the wall, and are useful diagnos-
tics of the various properties of different species such as their
charge to mass ratio and concentration.

The Bernstein waves propagate both in r and 6, and
their behavior is strongly influenced by resonances or cut-
offs. At cutoffs, where the wave frequency equals the local
upper hybrid frequency, the Bernstein waves are reflected,
enabling normal modes. At resonances where the Doppler
shifted wave frequency equals the cyclotron frequency as
seen in the rotating frame, the Bernstein waves are
absorbed.

In fusion plasmas, the method of cyclotron heating and
current drive uses this resonance to heat and drive current
the plasma, by absorbing applied electromagnetic wave
energy.”’ However, in that case, the waves have finite .,
which allows Landau damping via the “magnetic beach” pro-
cess.'® Here, where we consider waves with k, = 0, spatial
Landau damping can still occur, caused by E x B drift
motion in the radial equilibrium electric field. However, as
far as we know this has not been studied for Bernstein
waves. More theory work is needed to elucidate this process.
In addition, while we showed that the surface wave is not
strongly affected by a resonance [because the field amplitude
u(r) passes through zero at resonance], there is probably
some absorption caused by energy broadening of the cyclo-
tron frequency Q: see Eq. (19). This process will also be
explored in future work.

Furthermore, we determined how Bernstein waves mode
couple to the surface cyclotron wave at cutoffs. This cou-
pling explains how the Bernstein waves can affect the admit-
tance function (the normalized electric field at the wall).
Energy from the surface cyclotron wave is coupled into the
Bernstein waves, which damps and broadens the frequency
response of the surface waves provided that the collision rate
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v satisfies vryy = |V,|. On the other hand, when vrgg=<|v,|,
the coupling produces a set of sharp resonant peaks in
the admittance due to Bernstein normal modes: see Figs. 11
and 16.

From the point of view of ion cyclotron mass spectrome-
try, the coupling of the surface wave to Bernstein modes and
concomitant broadening of the admittance curve adds
unwanted complexity to the plasma’s frequency response. It
may, therefore, be worthwhile to explore circumstances
where a resonance wipes out the Bernstein mode response,
while preserving a nearly undamped surface cyclotron wave.
This occurred in the example of Fig. 4, where there is an
inner conductor that allowed surface cyclotron waves to
propagate, with no upper hybrid cutoff in the plasma. The
use of an inner conductor allows this to occur in various
cases (including ¢ > 0 modes). This should be explored
further.

Bernstein modes can also occur when ¢ < 0 if there is a
cutoff to reflect the waves and set up normal modes, but we
found that (if there is no inner conductor) these waves are
purely internal modes that make no potential perturbation
outside the plasma (see Fig. 13, for example eigenfunctions).
Furthermore, we find that resonances can damp these internal
modes. Nevertheless, if there is a sufficiently sharp density
gradient at the plasma edge, it has been shown in other
work?* that some of the low-order £ = 0 modes with k£ < 1
can still occur. The damping process for these modes and its
dependence on the plasma edge scale length £ will be
explored in future work.

Bernstein waves can also propagate at multiples of the
cyclotron frequency. The methods used in this paper can be
extended to investigate the behavior of these higher fre-
quency Bernstein waves in a non-neutral plasma column.
This issue will be pursued in future work.

Also, it is important to note that many experiments do
not employ long plasma columns, and the theory presented
here needs to be modified to account for finite length effects.
One such effect that requires further study is the coupling of
¢ < 0 internal modes to external electrodes at the end of the
plasma column. This coupling should allow such modes to
be detected and launched.
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APPENDIX A: GUIDING CENTER HAMILTONIAN VIA
CANONICAL LIE TRANSFORMATION

In this appendix, we outline the Lie transform perturba-
tion method'* used to derive Hamiltonian (3) from Eq. (1).
This method is more elegant than using a perturbation
method based on the mixed variable generating function W,
discussed in Sec. I. To prepare the Hamiltonian, we Taylor
expand the effective potential ¢ (r) about the potential
minimum at r(pg),
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= ¢o(ro) + 2;92 E*(ro) + ——

1 Q?
+—m92(r0)5r2—|——8m < or
2 o
1 26%E(r 1 LE"(r
y (__+ £E() 1, oo)m)

2 mQLZ,rO 6 mQ?

n 82mf22%5r4 (é B §82E(I‘0) _ LSZE,/,(Fo)I‘(%)
o
3 EmQZors 7 m2or®
4 r(3) 8 rg

+0(&),

where or =r —ro(py), and where we have used Eq. (4). A
canonical transformation from r to or is accomplished with a
type-2 mixed generating function,

Fz(l’7 P) = (I‘ — ro(P()))P,- + 0Py, (A2)

where capitalized momenta are the new momenta. This gen-
erator implies p, = P,,pp = Py, and it yields a new canoni-
cal angle coordinate ® defined as

OF 2 6}*0

O=S2o0- 20,

A
0Py Ipg (A3)

Next, we introduce lowest-order action-angle variables
(Yo, o) [and corresponding new conjugate coordinates
(®0,pg,)] using the usual definitions for the action-angle
variables of a harmonic oscillator,

or = m?llg(r) )COS Vo,  Pr= =/ 20gmQ(ro) singhy. (A4)
0

The canonical transformation to these variables can be
accomplished using a second generator F,(or,®, i, po,)
defined as

5 .
Fy=— ?’ \/27719/.10 — m2Q*or2

Q
+pgcos™ | 0y 222 ) + ©py,. (AS)
2y

This generator implies that pg, = py and that

_OFs _ o 99/0py

O, —
0 apo, 2Q

Uo sin 2y, (A6)

When written in these coordinates, the Hamiltonian has the
form

82

2mQ? E (ro)

H (Yo, ttos o) = 1oQR(r0) + ¢o(ro) +

4

€
+———E3(ro) + eH, (Yo, to,
mzi”OQE (ro) 1(¥o, 1o, Po)

+82H2(‘P07H07P0) + ) (A7)

where
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H = 2130 cos3l,bo7
m )

and H», H3,... are not displayed due to their complexity.

The terms in H, involving Y, are transformed away
order-by-order using infinitesimal Lie transformations'*'*
from coordinates z = (Y, fty, @0, po) to new conjugate coor-
dinates Z = (, u, 0, p,). The transformation is generated by
the following operator, defined by its action on a phase func-

tion f{(z):

(A8)

py (A9)

. M (—8)” .
Tf=Y" Wof -
n=0
The operators w, are defined recursively in terms of their
action on f,

W,Lf = [wn71f7g} ) 1'?}0 = 13 (Alo)
where [, | is the Poisson bracket for the phase space and g is
the generator of the transformation. Like T, g is also written
as a series in &,

(Al1)

A new Hamiltonian K(Z) is then obtained as a power series
in € via

K=TH,. (A12)
The generators g,, are chosen to remove the /-dependence

from the Hamiltonian, order-by-order in & Writing K
= Ko + ¢K; + - - - and expanding Eq. (A12) in ¢ implies

Ko = uQ = H,
Ky =H, — [Ho, g1,
1 (A13)
K> = H, — [Ho, & — [H1, 81] +§[[H0781]7gl]
Also, coordinates are transformed according to
1=TZ=17—¢Z,g]+0(2). (A14)

Note that since H,, is independent of ®, so are g, and K.
Then, no derivatives of g, with respect to 0 or p, appear in
Egs. (A13). Also, Eq. (A14) then implies that pg = p,.

At first order in ¢, Eq. (A13) implies that K; = 0 and

g1
Q—=-H Al5
81// 1 (l,b, u7p9)7 ( )
which may be solved for g, by integration. The constant of

integration is chosen so that g; is periodic in . Then, Eq.
(A14) implies that
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e,
Uy = FW‘FO( %),
9
Vo w—ev%w() (A16)
dg1
O =0 — 284 (2
0 86p9+ (%)

Working to O(&*), the result for the Hamiltonian is given in
Eq. (3). Also, application of the series expressions (A14)
[taken up to O(&*)] to Egs. (A6), (A4), and (A3) yields Egs.
(13) and (14).

APPENDIX B: DERIVATION OF THE
QUASI-EQUILIBRIUM DISTRIBUTION

In this Appendix, we outline the derivation of Eq. (24), the
expression for the quasi-equilibrium distribution function f,.
One elegant approach employs a novel gyro-averaged collision
operator that keeps both short-range (Boltzmann) and long-
range28 collisions. This approach will be discussed in a separate
publication.”” Here, we employ a perturbation approach,
adapted from Ref. 16. The collision operator is assumed to be a
Boltzmann operator. Equation (22) is transformed from coordi-

nates (r, v) to new coordinates (r, v, {, v-), where
vV, =V cosl,, Vop=vysiny, V,=V-7,
Vp=v-0— evy(r,t) (B1)

and the drift velocity v, is defined by the solution of the
quadratic equation

2
o B (B2)
room
In these coordinates, Eq. (22) becomes
o  Ova( . cos Yo O of
o o (Sm Vogu T agg )l T YEes Yoy,
0 /vy 0 cosyy, O
_(vrvlcost//oa ( )(sm E—i_ v 8—% f
Q. Va V1 . f

The solution for f is obtained as a power series in ¢ and
U = ve/Q., where v is the collision frequency [a frequency
scale factor on the order of C (f,/)/f]:

n D rnf"l}'l'l

(B4)

||
H Il Méﬁ

It was determined in Ref. 16 that /0t is of order De3, assum-
ing that 9T /0r is of order & and On/dr is O(1). For the
quasi-equilibrium, we therefore are concerned with terms of
order 7, i.e., 70+

The lowest order equation is

2. o

=0, B5
& O )
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which implies that foo = foo(r, v, V.

order %' is

,1). The equation of

V% = C(foo,fo0)-

B6
Do (B6)

Averaging both sides over t, from 0 to 27, and noting that
for is periodic in ), implies that C(fo,fo0) = 0, which
implies that fy is a local Maxwellian,

3/2
_ - : —mv? /2T (r,t)
t . B
foo = nir, )(ZET(I”,I)/WZ) ¢ (B7)

Since  C(foo,fo0) =0, Eq. (B6) then implies that
for =fo1(r,vi,v,, ). This function is determined at next
order in o

%) _
1/8%(2) = C(foo,fo1):

where C(f,g) = C(f,g) +C(g.f). A 1, average then
implies that C(fyo,fo1) = 0. However, this implies that fp,
= (A(r,t) + B(r,t)v. + C(r,)v®)fpo (the collision operator
conserves particle number, parallel momentum, and kinetic
energy). When fy; is added to fyo, this merely redefines
n(r,t) and T(r,r) (and allows a v, drift which we ignore), so
we can set fo; = 0.
Next we consider f;o, which must satisfy

dfio
My

[where we have used OT /Or =

(B8)

Q. —+ vy cos l//0 f00 =0 (B9)

O(&*)]. The solution for fi is

flO = hl()(r7 VL,V“t) (Blo)

\A 10n
- Q(- sin lp() n ar.f()(]

The function /1, is determined using the equation of order &' /!,

ofn = 1 On

lla—[//() = C(foo, o) — Q—cngé(fOOa v sin Yfoo)-

(B11)
In Ref. 16, it is shown that the second term on the rhs vanishes
due to conservation of momentum during collisions. Then, a
o average implies that C(foo,h10) = 0, which implies, as
before, that we may set ;o = 0, and we may set f;; = 0.

In Ref. 16, working to higher order, similar arguments
were used to obtain f>,

K(r,1)

fao = hao(r, Ve, Vi 1) + = 5 vicos2foo,  (B12)
where
1 10n 2
h204—93<25) <¢ >f00 (B13)
and
19%n 1 0n mQ 0
K(rt) = — o0 - S e (—) (B14)

Also, f>; was determined to be
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M(r,t) 0 (10n mQ.vy
= C 2 B15 M= — . B16
vfa1 302 (foo, V2 sin 2ofoo ), (B15) i (rn(’); T (B16)
where Finally, an expression for f3, was also obtained,
|
mvioT V2 9 |1 [(0n\* vi 190 vZm 0 10n
— 1 mv- ol 1o |tfon T I L__()
Fio = baolro v vas) = Sm'/’“fo"{zrz or " 4Qnor |n <8r> 3o ™ AT o \v ) nor
30T T 01 /on\* 2vy On ro0 (vg\ on
*Sm%foo 2 \5) | T *.(*, =
2T or 2Q.mn or |n \Or Qundr Qundr\r/ or
3
vy 1 o 2 rm 0 (Vd) on
- 3 —  (Z-2) (k) + ——— () = B17
Q.n sin 3yofoo 2493 <8r r> (nK) + 12Q.Tor \ r/ Or ( )
[
However, the function /3y was not determined. Since we 4 .
require f3,, we continue the derivation, using the O(e’") d*vsd€Q; 0 (€, u) foo (V)foo (Vs) (B21)

equation

8f31 v iny e . Yacos vicos g Ifar
al/jo Q. mvo al/jo Q. or
= C(fo0.f30) + C(f10:f20)- (B18)

The function /3 is determined by integrating this equation
over . First, consider the terms involving f,,. To evaluate
these, we note that the Boltzmann operator C(f, g) has the
form

Clf,g) = Ja’3v dQsa(Qg, u) ulf (v)g(v
—f(v)g(vs) —f(vs)g(v)],

where a(Qy,u) is the cross-section for scattering angle Q,
u = |v — vy| and the prime denotes post-collision velocities.
For f51, the collision integral involved in Eq. (B15) is

O FvOg(Y)
(B19)

C (foo, v* sin 2y/fp0) = Jd v d Qo (Qy, 1) tfoo (V)foo (Vs)

x (v'Zsin 2/ 4 v'2sin 2y,

V2 sin 2y, — V4 sin 2y), (B20)
where V, is a variable of integration through v,, and y, and
!///‘ are variables of integration through their dependence on
Q. The operator has the following symmetry: if we define
new angles via Y, =+ Ay, ¥y =, + Ay and
W, =y + A/, the operator

is independent of 1, by the isotropy of the collision process
with respect to rotations about the z axis. This angle transfor-
mation transfers all y, dependence to the four sin terms in
Eq. (B20), specifically sin(2y, + 2Ay"), sin(2y, + Ay'),
sin(2y, + Av,), and sin 2y,. Therefore, f>; is a sum of two
terms, one proportional to sin 2/, and the other proportional
to cos 21,. This implies that

dl//o a1 J dvro af21
= =0. B22
0
A similar argument implies that
2n dl//
| S2c o) =0 (B23)
T
0
and that
2n dl//
J T;C(foo,.f30) = C(foo; h30)- (B24)
0
Thus, the 1, average of Eq. (B18) implies that

C(foo, h30) = 0, so we can set h3y = 0. Therefore, to O(&*),
the quasi-equilibrium distribution is

- &2ra)
foe = foo + &fio + &0 + Efr0 + O(e4) = (2;;’))3/2 exp[—mAv? /2T (r)] {1 + 49(‘]'3 m(v — Av3)+&* Avy
T, 3 MAVZ /m 2 + 5 A 2 + 2 Tn, ::] ( 2 4 1A 2) 4 0(84) (B25)
— — mi v — AV ri — — miv. — AV C
20T T 42T o3 n) 4T " 30 ’
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where Av2 = v2 +v2 + Av3, Avy = v - 0 — ero,,, and w,, is
the rotation frequency for a thermal equilibrium system,

" > (r
onlr) = () - T + 220

When Eq. (B25) is multiplied by Avy, integrated over v, and
divided by nr, one obtains a correction to this rotation fre-
quency due to shears, given in Eq. (28).

This expression for f,, can be converted into a function
solely of the constants of motion, Eq. (24), by substituting
Egs. (9) and (13) for r, their time derivative for v, [using Eq.
(16)], and the time-derivative of Eqs. (11) and (14) for vy /r
[using Egs. (16) and (17)]. The result, in terms of ry, v, and
i, and independent of i/, can be converted to Eq. (24) using
Eq. (4).

(B26)
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