
Experiments with cylindrical pure electron plasmas can excite and detect 
various plasma modes

Electron plasma

B

~
−V +δV cosω t

−V

Spectrum
analyzer

TG modes:  compressional plasma waves with potential perturbation
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Diocotron modes: z-independent (mz = 0) incompressible waves
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TG modes and an mq = 2 diocotron mode can be excited at the same time. 
The waves have a nonlinear interaction that changes their frequencies in interesting ways.

Below: spectrum analysis versus time
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In these spectra showing spectral amplitude (as a  color map) vs frequency and time,

a diocotron mode is excited at t =10 sec, and its  amplitude  slowly decays.

TG modes are also continuously excited and detected with cylindrically-symmetric mq = 0 electrodes
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A single mq = 0 mr = 2 mz=1 TG mode splits into 3 waves 
with frequencies  that depend on diocotron amplitude,
but not diocotron frequency (which is ~ constant; see below). 
What are these 3 waves?
Why do their frequencies vary with diocotron amplitude?
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Translate data to TG frequency vs diocotron amplitude AD
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This is a 4-wave interaction. The diocotron
mode acts as a “pump wave”, which mode couples and mixes
3 TG waves that are nearly degenerate.

The TG waves: mθ = 0,mr = 2,mz = 1, (the original TG wave excited by the mθ = 0 electrode)
mθ = 2,mr = 1,mz = 1,
mθ = −2,mr = 1,mz = 1 (θ phase velocity in opposite direction to mθ = 2) 

These 3 TG waves are nearly degenerate due to a property of Bessel functions shown below 
(Bessel functions often appear in descriptions of cylindrical systems)
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J4 Functional forms nearly the same
In particular:

The first zero of J2 ~ the 2nd zero of J0

⇒ mθ = ±2,mr = 1 ~ same freqs. as mθ = 0,mr = 2
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• The 3 nearly degenerate TG waves are strongly mixed by  mq=2 diocotron 
“pump” with low frequency wD

• For infinite B the mixing is simplified:  for diocotron mode which has  
potential     

• r, q dependence similar to modes of a slightly elliptical drumhead
• For infinite B, q antisymmetry of df3 implies it does not couple to mq=0 

detector or excitor electrodes, which explains why observed central mode 
is weaker and its frequency is ~ independent of diocotron amplitude
• Upper and lower frequencies w1, w2 exhibit “avoided crossing” behavior, 

with w1 - w2 proportional to pump amplitude

δφ1 = cos[π z / L] A1Φ0(r)+ B1Φ2(r)cos2 ′θ( )e−iω1t
δφ2 = cos[π z / L] A2Φ0(r)+ B2Φ2(r)cos2 ′θ( )e−iω2t

δφ3 = cos[π z / L]B3Φ2(r)sin2 ′θ e−iω3t

∝ cos2 ′θ , where ′θ = θ −ωDt / 2,
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TG frequency compared to mode coupling theory
• Adjustable parameters: frequency of the 3 TG modes without 

diocotron mode. (Theory prediction of these frequencies for given 
radial density profile, plasma temperature, plasma length, and B is 
not quite accurate enough)
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Other mode coupling predictions also match 
experiments:J0

−J2

J4
This Bessel zero does not match others

⇒ mθ = 0,mr = 1 has no other degenerate modes
⇒ no splitting effect when diocotron mode launched
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This Bessel zero has 2 partners

⇒ mθ = 0,mr = 3 ~ degenerate with mθ = ±2,mr = 2 and mθ = ±4,mr = 1
⇒ 6 wave process with 5 TG modes mixed by diocotron mode
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These TG mode degeneracies also predict decay 
instabilities involving the diocotron mode.
Example:

TG pump wave: mθ = −1, mz = 1, mr = 1, frequencyω 0
lab

mθ = 1, mz = 1, mr = 1, frequencyω1
lab !ω 0

lab
TG daughter wave 1: 

Daughter wave 2: mθ = 2, mz = 0, mr = 1, frequencyω 2
lab ≪ω 0

lab

(diocotron mode)

(large magnetic field)

NOTE: The usual Manley– Rowe frequency relation is NOT satisfied for this decay  process (when viewed in lab frame):

|ω 0
lab | ≠ |ω1

lab | + |ω 2
lab | on resonance

instead |ω 0
lab | = |ω1

lab | − |ω 2
lab |

The correct frequency resonance relation  follows from a more general relation, that for instability 
the daughter wave energies must be opposite in sign in the frame of the pump wave,
and their frequencies must be equal  in that frame.

So for this decay process the pump wave is NOT the highest frequency wave

Manley-Rowe is NOT satisfied because the diocotron mode is a negative energy wave (in the lab frame);
Manley-Rowe works only for positive energy daughter waves

Prediction: On resonance, growth rate of daughters  scales as 1/B1/2
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Classical Derivation of Manley Rowe relation for 3-wave 
instability of a pump wave

pump frequencyω 0
lab ,θ  wavenumber mθ 0

resonant daughter waves have frequencies ω1 =ω 2 in the frame of the pump wave
and θ  wavenumbers mθ1, mθ 2 respectively, with mθ1 = mθ 2 ±mθ 0 for a 3 wave instability

in the lab frame the daughter wave frequencies are ω1
lab =ω1 +mθ1

ω 0
lab

mθ 0

, ω 2
lab =ω 2 +mθ 2

ω 0
lab

mθ 0

,

so the resonance condition in the lab frame is ω1
lab −ω 2

lab = (mθ1 −mθ 2 )ω 0
lab

mθ 0

= ±ω 0
lab

instability condition: in frame of pump wave the daughter wave energies E1, E2 ,  are opposite in sign:E1E2 < 0

translate this condition to the lab frame using Galilean transformation of wave energy E
lab

ω lab =
E
ω

 

E1E2 = E1
labE2

lab ω1ω 2

ω1
labω 2

lab =
E1
labE2

lab

ω1
labω 2

lab ω1
2 < 0

if  positive energy wave gains energy resonantly from negative energy wave, both waves grow in amplitude
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if E1
labE2

lab > 0,  (usual case of positive energy daughter waves), then instability requires ω1
labω 2

lab < 0.
say ω 2

lab < 0, ω1
lab > 0.

then the resonance condition ω1
lab −ω 2

lab = ±ω 0
lab  can be written as |ω1

lab | + |ω 2
lab | =|ω 0

lab |  : Manley Rowe condition
pump wave is highest frequency and "decays" into lower frequency daughter waves)

(same condition obtained if instead ω 2
lab > 0, ω1

lab < 0.)
(same condition also obtained if both daughter waves are negative energy)

(or  if the pump wave is negative energy)

BUT if E1
labE2

lab < 0,  (one negative energy wave), then instability requires ω1
labω 2

lab > 0.
say ω1

lab ≥ω 2
lab > 0.

then the resonance condition ω1
lab −ω 2

lab = ±ω 0
lab  can be written as

 |ω1
lab | − |ω 2

lab | =|ω 0
lab |  : modified Manley-Rowe condition

pump wave is NOT the highest frequency (negative energy "photon" absorbed rather than emitted)
(same condition also obtained if  ω 2

lab ≥ω1
lab > 0)
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”Quantum” approach to Manley-Rowe  
relation gives same answer

• Let Pump wave action I0 be reduced by one unit in decay process:
• and daughter wave actions I1, I2 each increase by one unit 

(why? Shut up and calculate!):

• Energy conservation in the decay:  

ΔI0 = −h = ΔE0
|ω0 |

ΔI1 = h =
ΔE1
|ω1 |

, ΔI2 = h = − ΔE2
|ω2 |

Assume this wave is negative energy

−ΔE0 = ΔE1 + ΔE2

⇒ h |ω0 | = h |ω1 | −h |ω2 |
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Mode coupling of Trivelpiece-Gould and diocotron modes in
a nonneutral plasma column
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Conclusions

• Plasma waves in nonneutral plasmas allow a great many mode 
degeneracies that lead to strong nonlinear mode coupling effects
• These effects produce frequency splittings as well as the possibility of 

decay instabilities, some of which involve the low-frequency 
diocotron modes
• Because diocotron modes are negative energy, the usual Manley-

Rowe relation for 3-wave decay instabilities involving these modes 
must be modified
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